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ABSTRACT
The M87 jet is extensively examined by utilizing general relativistic magnetohydrodynamic (GRMHD) sim-
ulations as well as the steady axisymmetric force-free electrodynamic (FFE) solution. Quasi-steady funnel jets
are obtained in GRMHD simulations up to the scale of ∼ 100 gravitational radius (rg) for various black hole
(BH) spins. As is known, the funnel edge is approximately determined by the following equipartitions; i) the
magnetic and rest-mass energy densities and ii) the gas and magnetic pressures. Our numerical results give an
additional factor that they follow the outermost parabolic streamline of the FFE solution, which is anchored to
the event horizon on the equatorial plane. We also identify the matter dominated, non-relativistic corona/wind
play a dynamical role in shaping the funnel jet into the parabolic geometry. We confirm a quantitative overlap
between the outermost parabolic streamline of the FFE jet and the edge of jet sheath in VLBI observations at
∼ 101–105 rg, suggesting that the M87 jet is likely powered by the spinning BH. Our GRMHD simulations also
indicate a lateral stratification of the bulk acceleration (i.e., the spine-sheath structure) as well as an emergence
of knotty superluminal features. The spin characterizes the location of the jet stagnation surface inside the
funnel. We suggest that the limb-brightened feature could be associated with the nature of the BH-driven jet, if
the Doppler beaming is a dominant factor. Our findings can be examined with (sub-)mm VLBI observations,
giving a clue for the origin of the M87 jet.
Subject headings: galaxies: active — galaxies: individual (M 87) — galaxies:jets — magnetohydrodynamics
(MHD) — methods: data analysis — methods: analytical
1. INTRODUCTION
Active galactic nuclei (AGN) jets are widely believed
to be initiated in the vicinity of supermassive black holes
(SMBHs)—with masses M ' 107–1010M—at around the
gravitational radius rg (. milliparsec) and extend up to a
scale of ∼ megaparsec (Mpc) as giant radio lobes. Force-free
electrodynamic (FFE) and/or magnetohydrodynamic (MHD)
mechanisms are frequently invoked to extract energy and mo-
mentum from a star, compact object, or an accretion disk
around either (e.g. Blandford & Znajek 1977; Blandford &
Payne 1982; Uchida & Shibata 1985; Lovelace et al. 1987;
Meier et al. 2001; Beskin 2010; Meier 2012). Key issues
to be answered are the mechanism for bulk acceleration up
to the relativistic regime as is inferred from the superluminal
motions . 40 c (the speed of light) and high brightness tem-
peratures observed (Lister et al. 2013), as well as the huge
amount of energy . 1060–1061 erg deposited into the intra-
cluster medium in the magnetic (e.g. Kronberg et al. 2001)
and/or kinetic (e.g. Ghisellini et al. 2014) forms during their
duty cycles of∼ 107–108 years. The power of relativistic jets
may be larger than the accretion luminosity, implying that a
rotating black hole may play a role (Ghisellini et al. 2014).
Special or general relativistic MHD (SRMHD or GRMHD)
flows with a generalized parabolic geometry [where z ∝ R
in the cylindrical coordinates (R, z) with  > 1] could be ac-
celerated due to the so-called “magnetic nozzle effect”1 (Ca-
menzind 1987; Li et al. 1992; Begelman & Li 1994) in the
1 An effective separation between neighboring poloidal field lines (faster
than rate at which their cross-sectional radius increases) causes an efficient
conversion from the Poynting to matter energy flux along a streamline.
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trans-to-super fast magnetosonic regime. The Lorentz factor
Γ & 10 is confirmed at large distances of z/rg & 103 by uti-
lizing semi-analytical steady solutions and numerical simula-
tions (e.g. Li et al. 1992; Begelman & Li 1994; Contopoulos
1995; Vlahakis & Ko¨nigl 2003a,b; Tomimatsu & Takahashi
2003; Fendt & Ouyed 2004; Beskin & Nokhrina 2006, 2009;
Komissarov et al. 2007, 2009; Tchekhovskoy et al. 2009;
Lyubarsky 2009, 2010; Toma & Takahara 2013). An even
higher Γ is obtained in semi-analytical/numerical studies of
FFE jets (Narayan et al. 2007; Tchekhovskoy et al. 2008)2.
The value Γ of a cold, relativistic MHD (Poynting flux-
dominated: PFD) outflow is related to µ, the total [matter (ki-
netic plus rest-mass) + electromagnetic] energy flux per unit
rest-mass energy flux (e.g. Toma & Takahara 2013):
µ/Γ = 1 + σ, (1)
where σ is the Poynting flux per unit matter energy flux (i.e.,
so-called “magnetization”), and µ is constant along a stream-
line (poloidal magnetic field line) in a steady axisymmetric
ideal-MHD flow. Therefore, Γ approaches its maximum value
Γ∞ ' µ with σ∞ ' 0, when a full conversion of electromag-
netic energy to matter kinetic energy occurs. It is, however,
still unknown how/where the MHD bulk acceleration is ter-
minated in the realistic galactic environment, or what value
is σ∞. Also, the radial (R) expansion of MHD jets naturally
produces a lateral stratification of Γ in the jet interior with a
different evolution of  and σ (McKinney 2006; Komissarov
et al. 2007, 2009; Tchekhovskoy et al. 2009). Recently,
values of µ . 30 are suggested, which implies σ∞ . 1, al-
though µ ∼ 10-103 could be expected in the MHD regime for
relativistic outflows (Nokhrina et al. 2015).
M87 is one of the nearest active radio galaxies (16.7 Mpc;
Blakeslee et al. 2009) that exhibits subliminal to superlu-
minal motions (see, Figure 16 and references therein). With
its proximity, the black hole mass M is estimated to be in a
range of (3.3 − 6.2) × 109M (e.g. Macchetto et al. 1997;
Gebhardt & Thomas 2009; Gebhardt et al. 2011; Walsh et
al. 2013). The largest mass of 6.2× 109M gives an appar-
ent angular size∼ 3.7 µas/rg. This galaxy therefore provides
a unique opportunity to study a relativistic outflow with the
highest angular resolution in units of rg. Global mm VLBI
observations, known as the Event Horizon Telescope (EHT)
project, is expected to resolve the black hole shadow in M87
(Doeleman et al. 2012). Therefore, we also expect to resolve
the jet launching region in the coming years.
Extended synchrotron emission of the one-sided jet, emerg-
ing from the nucleus, has been the target of multi-wavelength
studies, from radio (see, Figure 15 and references therein) to
X-ray bands for decades, which cover the scale of ∼ 0.2 mas
– 14 arcsec with the viewing angle θv = 14◦ (Wang & Zhou
2009), corresponding to ∼ 2.3 × 102 rg – 1.6 × 107 rg in
de-projection. VLBI cores are considered to be the innermost
jet emission at observed frequencies (Blandford & Ko¨nigl
1979). Observations at cm to mm wavelengths (Hada et al.
2011) therefore may be used to explore the jet further up-
stream . 200 rg (Hada et al. 2013; Nakamura & Asada
2013) including the VLBI cores at 230 GHz by EHT observa-
tions (Doeleman et al. 2012; Akiyama et al. 2015). Exami-
nations of VLBI cores in M87 suggest a strongly magnetized
2 An infinitely magnetized (i.e., force-free) fluid could have the same speed
as the drift speed Vd of the electromagnetic (E andB) fields; Vd/c = |E×
B|/B2 = E/B (E ·B=0) and thus the Lorentz factor from the drift speed
is Γ2 ≈ 1/(1− V 2d /c2) = B2/(B2 − E2).
jet in the vicinity of the SMBH (Kino et al. 2015), challeng-
ing the classical equipartition paradigm.
From low to high frequency VLBI observations, “limb-
brightened” features (dominated by the “jet sheath” emis-
sion) are widely confirmed on the scale ∼ 200–105 rg (in de-
projection). Despite the fact various models are proposed for
AGN jets in general (see, discussions by Kovalev et al. 2007),
readers can refer specific models to the M87 jet on large scales
& 103 rg; either a concentration of the magnetic flux at the
outer boundary of the relativistic jet, which is confined by
non-relativistic disk wind (Gracia et al. 2009), or a pileup
of the material along the edge of the jet under the pressure
equilibrium in the lateral direction (Zakamska et al. 2008).
These models nicely reproduce the synthetic synchrotron map
on pc scales (∼ 103–104 rg), but both models suggest a rel-
atively high Γ ∼ 10–15 on this spatial scale. Furthermore,
the recent discovery of the “ridge-brightened” features (dom-
inated by the “jet spine” emission) (Asada et al. 2016; Hada
2017) sheds light on the complex structure in the M87 jet at
& mas (∼ 103 rg) scales. This may be a direct confirmation
of the jet “spine-sheath” structure in AGNs, but the emission
mechanism there is not understood sufficiently well to provide
a robust prediction of the “ridge+limb-brightened” feature.
One of the feasible ways to estimate the jet’s global struc-
ture is to measure the Full Width Half Maximum (FWHM) of
the transverse intensity as a diameter3 at different frequencies
and plot its radius (FWHM/2) as a function of the jet’s ax-
ial distance (de-projected) in units of rg. This gives a proper
sense how/where the jet streamline could be and where it orig-
inates in the vicinity of the SMBH. A linear fit on the log-
log plot is very useful to investigate the jet structure in two-
dimensional space (Asada & Nakamura 2012; Nakamura &
Asada 2013; Hada et al. 2013). There are several preceding
studies on the M87 jet (e.g. Broderick & Loeb 2009; Dex-
ter et al. 2012; Mos´cibrodzka et al. 2016a) that investigate
the horizon scale structure, but it is essential to conduct a di-
rect comparison of the jet global structure in observations with
theory and numerical simulations.
An accreting black hole plays a dynamically important role
in producing relativistic jets, which has been demonstrated in
GRMHD simulations during the past decade; a radiatively in-
efficient accretion flow (RIAF) with a poloidal magnetic flux
and a spinning black hole are key ingredients for producing
PFD funnel jets (e.g. Gammie et al. 2003; De Villiers et
al. 2003, 2005; Hirose et al. 2004; McKinney & Gammie
2004; Hawley & Krolik 2006; McKinney 2006; Beckwith
et al. 2008). The system can be directly applicable to low-
luminosity AGNs (LLAGNs) such as M87. It has been exam-
ined that the M87 jet (sheath) is slowly collimated from a full
opening angle of ∼ 60◦ near the black hole to ∼ 10◦ at large
distances (& 10 pc; Junor et al. 1999). We note that the
opening angle in Junor et al. (1999) is an apparent value in
the sky projection. McKinney (2006) suggests that this wider
sheath emission could be due to a RIAF wind (outside of a
well-collimated relativistic cold PFD jet).
Regarding a co-existence of the PFD funnel jet and coro-
nal wind from the RIAF, De Villiers et al. (2003, 2005)
observed there to be a region of unbound mass flux at the
boundary between the evacuated funnel and the coronal wind,
referred to as the “funnel-wall” jet. The driving force could be
3 To evaluate the jet’s width with a limb-brightened feature, two Gaussians
are fitted to the slice profile of the jet and one can measure the separation
between outer sides of the Half-maximum point of each Gaussian.
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a high-pressure (gas + magnetic) corona squeezing material
against an inner centrifugal wall, implying that the magneto-
centrifugal mechanism (Blandford & Payne 1982, hereafter
BP82) does play a minor role. Hawley & Krolik (2006)
concluded that the precise shape and collimation of the en-
tire outflow (PFD jet + funnel-wall jet + coronal wind) are
uncertain for two reasons: i) the outer boundary of the matter-
dominated funnel-wall jet is somewhat indistinct and ii) there
is a smooth transition as a function of polar angle between
mildly relativistic unbound matter and slightly slower but
bound coronal matter. On the other hand, the boundary be-
tween the low-density PFD funnel jet interior and the high-
density funnel-wall jet is sharp and clear. Properties of the
coronal wind are investigated in GRMHD simulation with
various black hole spins and different magnetic configurations
(e.g. Narayan et al. 2012; Sadowski et al. 2013; Yuan et al.
2015), but there is no unique way to discriminate the bound-
ary (Sadowski et al. 2013).
Comparisons of GRMHD simulations with steady solu-
tions of the axisymmetric force-free disk wind (McKinney &
Narayan 2007a) provide a fundamental similarity of the PFD
funnel jet. In the fiducial GRMHD simulation, the vertically
(height) integrated toroidal current, which is enclosed inside
a radius, follows a remarkably similar power-law profile with
the parabolic (or simply we use parabolic throughout this pa-
per) solution ( = 1.6) of the disk wind (BP82), whereas the
split-monopole ( = 1) or genuine paraboloidal ( = 2) so-
lutions are well-known (Blandford & Znajek 1977, hereafter
BZ77). This scaling is found to be maintained in a time-
averaged sense, but also at each instant of time. It is also inde-
pendent of the black hole spin. As a consequence, the poloidal
magnetic field of the PFD jet in the GRMHD simulation
agrees well with the force-free solution of a non-rotating thin
disk having the parabolic geometry. McKinney & Narayan
(2007b) performed general relativistic FFE (GRFFE) simula-
tions of the disk wind. The magnetosphere of their GRFFE
simulation with parabolic geometry also matches remarkably
well to the PFD funnel jet in the fiducial GRMHD simula-
tion, but no better than with the non-rotating force-free thin
disk solution with the BP82-type parabolic geometry. It sug-
gests that a rotation of the magnetic field leads to negligible
“self-collimation”.
Notable agreement of the BP82-type parabolic shape of the
PFD funnel jet between GRMHD simulations and force-free
(steady/time-dependent and/or non-rotating/rotating) models
indicates that gas plus magnetic pressure of the wind/corona
in GRMHD simulations is similar to the magnetic pressure
in the FFE disk wind outside the funnel region. Note that
McKinney & Narayan (2007b) considered only the portion
of i) the steady solution of the axisymmetric FFE disk wind
and ii) the GRFFE simulation of the disk wind (both winds
are in the parabolic shape) that overlap the funnel jet region in
the GRMHD simulation. So far, the boundary condition and
the shape of the funnel edge are poorly constrained. It is also
unclear where the footpoint of the outermost streamline of the
PFD funnel jet will be anchored in the quasi-steady states of
GRMHD simulations.
The collimation of the PFD funnel jet is still the issue.
GRMHD simulations in the literature exhibit jet collimation
ceasing at ∼ 50 rg (Hawley & Krolik 2006). The largest
simulations to date extend up to r = 104 rg (McKinney
2006) and show Γ∞ . 10 saturated beyond ∼ a few of
100 rg (despite b2/ρ  1), where the jet collimation ter-
minates, following a conical expansion downstream. Global
SRMHD or (GR)FFE simulations with a “fixed” curvilin-
ear boundary wall (i.e., parabolic; Komissarov et al. 2007,
2009; Tchekhovskoy et al. 2008, 2010) show bulk accel-
eration up to Γ∞ ∼ 101–103, whereas it is still unclear
how such a highly relativistic flow can be stably confined
in a realistic environment. A recent semi-analytical model
shows that the collimation of PFD jets may take place by
the wind in RIAFs, if the total wind power Pwind exceeds
about 10% of the jet power Pjet (Globus & Levinson 2016),
while Pwind/M˙c2 ≈ 10−3 (where M˙ denotes the mass accre-
tion rate at the horizon) is obtained by a GRMHD simulation
around the Schwarzschild black hole (Yuan et al. 2015).
In this paper, we examine the structure of the PFD funnel jet
with GRMHD simulations. The funnel edge is compared with
steady self-similar solutions of the axisymmetric FFE jet and
we derive the physical conditions of the boundary between the
funnel jet and outside (wind/corona). Results are compared
with the M87 jet sheath in VLBI observations. Methods and
results for examining a parabolic jet streamline are presented
in Sections 2 and 3. Comparison with VLBI observations is
given in Section 4. Based on our results, Section 5 assigns
topical discussions and prospects for exploring the origin of
the M87 jet with mm/sub-mm VLBI observations in the near
future. Conclusions are provided in Section 6.
2. METHODS
We conduct a direct comparison between the observed jet
geometry in M87 and theoretical/numerical models. The
present paper investigates especially the part of parabolic
streams inside the SMBH’s sphere of influence. Quasi-steady
black hole ergosphere-driven jets are self-consistently gen-
erated from GRMHD simulations, and their connection to
mm/cm VLBI images is examined by utilizing steady axisym-
metric FFE jet solutions.
2.1. Funnel Jet Boundary in the FFE Approximation
According to a steady self-similar solution of the axisym-
metric FFE jet (Narayan et al. 2007; Tchekhovskoy et
al. 2008, hereafter NMF07, TMN08), we consider here
an approximate formula of the magnetic stream function
Ψ(r, θ) in polar (r, θ) coordinates in the Boyer-Lindquist
frame (Tchekhovskoy et al. 2010):
Ψ(r, θ) =
(
r
rH
)κ
(1− cos θ), (2)
where rH = rg(1 +
√
1− a2) is the radius of the black hole
horizon, and the dimensionless Kerr parameter a = J/Jmax
describes the black hole spin. J is the black hole angular mo-
mentum and its maximum value is given by Jmax = rgMc =
GM2/c, where G is the gravitational constant. 0 ≤ κ ≤ 1.25
and 0 ≤ θ ≤ pi/2 are adopted in TMN08. Ψ is conserved
along each field (stream-) line in a steady solution of the ax-
isymmetric MHD outflow4. If κ = 0 is chosen, the asymptotic
streamline has a split-monopole (radial) shape z ∝ R (where,
R = r sin θ and z = r cos θ), whereas if κ = 1 is chosen,
the streamline has the (genuine) parabolic shape z ∝ R2 at
R  rg (BZ77). κ = 0.75 is the case of the parabolic shape
z ∝ R1.6 (BP82), which is important in this paper.
4 An asymptotic flow (r/rH  1) follows z ∝ R, where  = 2/(2−κ),
which includes conical and parabolic shapes (1 ≤  ≤ 2.67).
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FIG. 1.— Outermost streamlines of the steady axisymmetric solution of
the FFE jet (NMF07, TMN08), which are anchored to the event horizon (r =
rH) with the maximum colatitude angle at the footpoint θfp = pi/2. A
typical value of a = 0.9375 (in GRMHD simulations; Gammie et al. 2004;
McKinney & Gammie 2004; McKinney 2006) is specified as a reference.
The dotted line show the genuine paraboloidal streamline with κ = 1.0 (z ∝
R2 at R  rg; e.g. Blandford & Znajek 1977), while the solid line show
the paraboloidal streamline with κ = 0.75 (z ∝ R1.6 at R  rg; e.g.
Blandford & Payne 1982). The black hole and the ergosphere are represented
as the filled and the hatched areas.
In magnetized RIAF simulations about a non-spinning
black hole (Igumenshchev 2008), the poloidal magnetic field
distribution takes the shape of an “hourglass” shape and has an
insignificant vertical component on the equatorial plane out-
side the black hole. This feature becomes more prominent
in the case of spinning black holes as is shown in GRMHD
simulations of the ergospheric disk with a vertical magnetic
flux (the Wald vacuum solution; Wald 1974); as the poloidal
magnetic flux and mass accretes onto the black hole, all mag-
netic lines threading the ergospheric disk develop a turning
point in the equatorial plane resulting in an azimuthal current
sheet (Komissarov 2005).
Due to strong inertial frame dragging inside the ergosphere,
all plasma entering this region is forced to rotate in the same
sense as the black hole. Thus, the poloidal field lines around
the equatorial plane are strongly twisted along the azimuthal
direction. The equatorial current sheet develops further due to
the vertical compression of the poloidal field lines caused by
the Lorentz force acting toward the equatorial plane at both
upper and lower (z ≷ 0) directions. Magnetic reconnection
(although numerical diffusion is responsible for activating the
event in an ideal-MHD simulation) will change the field topol-
ogy; all poloidal field lines entering the ergosphere penetrate
the event horizon. A similar result is obtained in GRFFE sim-
ulations (Komissarov & McKinney 2007).
We speculate that the situation is qualitatively unchanged
even if the weakly magnetized RIAF exists in the system.
Strong poloidal fields in the ergosphere compress the inner-
most black hole accretion flow vertically and reduce the disk
thickness down to H/R ' 0.05, while H/R & 0.3 (H: the
vertical scale height) is the reference value of the disk body
outside the plunging region (e.g. Tchekhovskoy 2015).
Based on the physical picture above, we assume no poloidal
magnetic flux penetrates the equatorial plane at R > rH.
Therefore, the outermost field line, which is anchored to the
event horizon with the maximum colatitude angle at the foot-
point θfp = pi/2, can be defined as
Ψ(rH, pi/2) = 1 (3)
in Equation (2; e.g., Tchekhovskoy et al. 2008). Figure
1 shows the outermost streamlines of Ψ(r, θ) = 1 with dif-
ferent κ (κ = 1: BZ77 or κ = 0.75: BP82) with a fiducial
black hole spin (a = 0.9375: McKinney & Gammie 2004;
McKinney 2006). Let us compare the outermost streamline
of the funnel jet in GRMHD simulations with Equation (3) at
a quasi-steady state.
2.2. Our Prospective in GRMHD Simulations
The public version of the two-dimensional (2D) axisym-
metric GRMHD code HARM (Gammie et al. 2003; Noble
et al. 2006) is used in our examinations. The code adopts
dimensionless units GM = c = 1. We, however, occasion-
ally reintroduce factors of c for clarity. Lengths and times are
given in units of rg ≡ GM/c2 and tg ≡ GM/c3, respec-
tively. We absorb a factor of
√
4pi in our definition of the
magnetic field. HARM implements so-called modified Kerr-
Schild coordinates: x0, x1, x2, x3, where x0 = t, x3 = φ
are the same as in Kerr-Schild coordinates, but the radial
r(x1) and colatitude θ(x2) coordinates are modified (McK-
inney & Gammie 2004). The computational domain is ax-
isymmetric, expanding in the r-direction from rin = 0.98 rH
to rout = 40 rg and the θ-direction from θ = 0 to θ = pi.
An outflow boundary condition is imposed at r = rout; all
primitive variables are projected into the ghost zones. The in-
ner boundary condition is identical at r = rin < rH (no back
flow into the computational domain). A reflection boundary
condition is used at the poles (θ = 0, pi).
Typical 2D axisymmetric GRMHD simulations (e.g. Gam-
mie et al. 2003; McKinney & Gammie 2004; McKinney
2006) adopt a dense “Polish Doughnut”-type torus (Fishbone
& Moncrief 1976; Abramowicz et al. 1978), which is in a
hydrodynamic equilibrium supported by the centrifugal and
gas pressure (p) gradient forces. The torus is surrounded by
an insubstantial, but dynamic, accreting spherical atmosphere
[the rest-mass density ρ and the internal energy density u are
prescribed in power-law forms as ρmin = 10−4(r/rin)−3/2
and umin = 10−6(r/rin)−5/2] that interacts with the torus.
This is the so-called “floor model” that forces a minimum on
these quantities in the computational domain to avoid a vac-
uum. The initial rest-mass density ρ0 in the system is normal-
ized by the maximum value of the initial torus ρ0,max on the
equator.
A poloidal magnetic loop, which is described by the
toroidal component of the vector potential as a function of
the density Aφ ∝ max (ρ0/ρ0,max − 0.2, 0), is embedded in
the torus. The field strength is normalized with the ratio of
gas to magnetic pressure [the so-called plasma-β, hereafter
βp ≡ 2(γ − 1)u/b2, where b2/2 = bµbµ/2 is the magnetic
pressure measured in the fluid frame]. The inner edge of the
torus is fixed at (r, θ) = (6 rg, pi/2) and the pressure maxi-
mum is located at (r, θ) = (rmax, pi/2), where rmax = 12 rg
is adopted. βp0,min = 100, where βp0,min denotes the mini-
mum plasma-β at t = 0, is chosen5 for our fiducial run. An
5 The magnetic field strength is normalized by βp0,min by finding the
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ideal gas equation of state p = (γ − 1)u is used and the ra-
tio of specific heats γ is assumed to be 4/3. If not otherwise
specified, a value of a = 0.9375 is used (McKinney 2006).
For further computational details, readers can refer to Gam-
mie et al. (2003); McKinney & Gammie (2004) which adopt
default parameters in HARM.
Given small perturbations in the velocity field, the initial
state of a weakly magnetized torus with a minimum value of
βp0,min & 50 is unstable against the magneto-rotational in-
stability (MRI; Balbus & Hawley 1991) so that a transport of
angular momentum by the MRI causes magnetized material
to plunge from the inner edge of the torus into the black hole.
The turbulent region in the RIAF’s body and corona/wind
gradually expands outward. The inner edge of the torus forms
a relatively thin disk with the “Keplerian” profile on the equa-
tor in both cases of non-spinning (Igumenshchev 2008) and
spinning (McKinney & Gammie 2004) black holes. The tur-
bulent inflow of the RIAF body becomes laminar at the plung-
ing region inside the innermost stable circular orbit (ISCO)
(e.g. Krolik & Hawley 2002; De Villiers et al. 2003; McK-
inney & Gammie 2004; Reynolds & Fabian 2008), whereas
there is no other specific signature in the flow dynamics across
the ISCO (Tchekhovskoy & McKinney 2012). During the
time evolution of the system, PFD (highly magnetized, low-
density) funnel jets are formed around both polar axes (θ = 0
and pi).
Our goal in using GRMHD simulations is to examine
the quasi-steady structure of the boundary between the low-
density funnel interior (PFD jet) and the high-density funnel
exterior (corona/wind outside the RIAF body). It can be di-
rectly compared with an outermost streamline of the semi-
analytical FFE jet solution, which is anchored to the horizon
(Figure 1), when the funnel enters a long, quasi-steady phase.
3. RESULTS
3.1. Fiducial Run: a = 0.9375
We first examine a high-resolution (fiducial) model in
McKinney & Gammie (2004); default parameters in HARM
(as introduced above) are adopted with a fine grid assignment
Nx1 × Nx2 = 456 × 456. The simulation is terminated at
t/tg = 2000, or about 7.6 orbital periods at the initial pres-
sure maximum on the equator. The MRI turbulence in the
RIAF body is not sustained at t/tg & 3000 due to our as-
sumption of axisymmetry as explained by the anti-dynamo
theorem (Cowling 1934). However, the decay of the tur-
bulence does not affect the evolution of the PFD funnel jet
(McKinney 2006). Thus, we extended the time evolution up
to t/tg = 9000 in order to examine whether the quasi-steady
state of the PFD funnel jet is obtained or not. This enables us
to perform a direct comparison between the steady axisym-
metric FFE solution and axisymmetric GRMHD simulations
regarding the funnel shape. Constraining physical quantities
at the funnel edge is important for further understanding the
structure of relativistic jets in M87 and others in general.
Figure 2 shows the time sequence of the distribution of the
relative densities of magnetic and rest-mass energy b2/ρ. This
figure provides a quantitative sense for the spatial distribution
of the PFD funnel jet, wind/corona, and RIAF body (see also
Figures 5 and 7 for details). Following some previous work
(e.g. McKinney 2006; Dexter et al. 2012), we confirmed
global maxima of u and b2 in the computational domain. They lie inside the
torus, but not at the same grid point. The magnetic “O-point” is located at the
gas pressure maximum on the equatorial plane.
FIG. 2.— Time evolution of the fiducial run (a = 0.9375); t/tg = 3000
(top) and 9000 (bottom), respectively. A color filled contour shows the mag-
netic energy per unit particle b2/ρ, which is measured in the fluid frame. The
black hole, the ergosphere (“not hatched”), and two outermost streamlines
(genuine parabolic/parabolic), which are anchored to the event horizon, are
displayed in the same manner as in Figure 1.
that the funnel jet-wind/corona boundary can be identified to
be where b2/ρ ' 1. At the stage t/tg = 3000 (top panel),
the MRI is well developed and thus the magnetized material
in the RIAF body is swallowed by the black hole. A certain
amount of the poloidal flux, which falls into the ergosphere,
is twisted along the azimuthal direction and powerful PFD
jets are formed toward the polar directions. Consequently,
the funnel expands laterally by the magnetic pressure gradi-
ent and its outer boundary (b2/ρ ' 1; orange between red
and yellow on the contour map) shapes a non-conical geome-
try, which is quantitatively similar to the parabolic outermost
streamline (thick solid line) z ∝ R1.6 (BP82; see Figure 1).
After this phase, the MRI-driven turbulence in the
wind/corona region above the RIAF body decays gradually.
The bottom panel shows the final stage (t/tg = 9000) of the
system; the turbulent structure is saturated in the wind/corona
region, but it survives near the equator in the RIAF body. It
is notable that the BP82-type parabolic structure of the fun-
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FIG. 3.— Time evolution of the fiducial run (a = 0.9375); t/tg = 3000
(top) and 9000 (bottom), respectively. Contours (gray) represent poloidal
magnetic field lines. Other components in the panels are identical to those in
Figure 2.
nel jet-corona/wind boundary is still sustained until this phase
(unchanged at the quantitative level during t/tg ' 3000–
9000), suggesting the PFD funnel jet is entering a quasi-
steady state, while the outside region (wind/corona and RIAF
body) still evolves dynamically. The distribution of b2/ρ
can be divided into the following three regions; i) the fun-
nel (& 1), ii) the wind/corona (' 10−3–10−1), and iii) the
RIAF body (. 10−3), respectively. Thus, we clearly identi-
fied that the PFD funnel jet (orange to red) is outlined with the
BP82-type parabolic shape, rather than the genuine parabolic
shape (BZ77: z ∝ R2). It is also notable that the boundary
of the funnel follows b2/ρ ' 1 during the whole time of the
quasi-steady state at t/tg & 3000.
Figure 3 displays the poloidal magnetic field line distribu-
tion at the same times chosen for Figure 2. We can see that
the ordered, large-scale poloidal magnetic flux only exists in-
side the PFD funnel jet region where b2/ρ & 1 (Figure 2)
during the quasi-steady state t/tg & 3000. There seems to
be no such coherent poloidal magnetic flux penetrating the
equatorial plane at R > rH. This is also examined in Komis-
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FIG. 4.— A θ cross-section at r/rg =10 (black), 20 (blue), and 40 (red)
showing the absolute value of the radial magnetic field |Br| in the fiducial
run (a = 0.9375) at t/tg = 9000.
sarov (2005); Komissarov & McKinney (2007). At the stage
t/tg = 3000, a lateral alignment of the poloidal magnetic flux
ends at around the outermost parabolic streamline z ∝ R1.6.
This holds until the final stage of t/tg = 9000. Thus, the
distribution of poloidal magnetic field lines also indicates the
funnel interior reaches a quasi-steady state with insignificant
deviation when t/tg & 3000.
The density of contours in Figure 3 directly represents the
poloidal field strength (it may be a quantitatively reasonable
interpretation at least in the funnel area). At the interior of
the funnel jet, the lateral spacing of each field line decreases
(R/rg → 0) at around the event horizon (r/rg . a few),
suggesting an accumulation of the poloidal flux around the
polar axis (z). This is caused by the enhanced magnetic hoop
stress by the toroidal field component and it is prominent if
the black hole spin becomes large (a → 1; Tchekhovskoy et
al. 2010). On the other hand, we may also see this effect in
the downstream region (r/rg . 20) along the polar axis, but
a concentration of the poloidal flux is rather smooth and weak
compared with the innermost region around the event horizon.
It indicates that the toroidal field does not yet fully dominate
the poloidal one on this scale and no effective bunching of the
poloidal flux takes place (cf. Figure 9 for a visible inhomo-
geneity further downstream). Figure 4 confirms this quantita-
tively; a concentration of the poloidal magnetic field becomes
clear as r increases (at r/rg & 20 and θ . 20◦). We can
also identify the gradual decrease of |Br| as a function of θ,
implying a differential bunching of the poloidal flux. Further
examinations are presented in Section 3.2.2 (behaviors at the
downstream in our large domain computations with different
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black hole spins).
No visible (but very weak) bunching of poloidal magnetic
flux at a few . r/rg . 20 (see middle and bottom panels in
Figure 3) indicates that the local poloidal field can be approx-
imately treated as a force-free system (Narayan et al. 2009).
It is worth noting that the radial (r) distribution of b2/ρ in-
side the funnel jet has a weak dependence on the colatitude
angle (θ), as is shown in Figure 2. This also implies no effec-
tive bunching of the poloidal flux as well as no concentration
of the mass density toward the polar axis. We consider that
a quasi-uniform stratification of b2/ρ inside the funnel (near
the event horizon) plays a critical role in determining the dy-
namics of the GRMHD jet (the lateral stratification of the bulk
acceleration), as is treated in Sections 3.2.2, 3.2.3, and 5.2.
In order to confirm the boundary between the PFD funnel
jet and the wind/corona region at a quantitative level, we pro-
vide Figure 5; Contours of b2/ρ = 1 and βp = 1 are shown,
at the final stage of t/tg = 9000 during the long-term, quasi-
steady state (t/tg & 3000) in our fiducial run. It is similar
to Figure 2 in McKinney & Gammie (2004) and Figures 3
in McKinney (2006). Note that their snapshots correspond to
t/tg ≤ 2000, which is before when we find the funnel reaches
a quasi-steady state. Notably, the equipartition of these quan-
tities (b2/ρ = 1 and βp = 1) is maintained at the funnel edge
along the outermost BP82-type parabolic streamline. There
are other contours of βp = 1, which are distributed outside
the funnel and above the equatorial plane. Quantitatively, the
latter corresponds to the boundary between the wind/corona
and the RIAF body (βp = 3; e.g. McKinney & Gammie
2004; McKinney 2006).
We also identify the boundary between the PFD funnel jet
and the external area (wind/corona and RIAF body) regard-
ing the unbound/bound state of the fluid to the black hole
by means of the Bernoulli parameter (e.g. De Villiers et al.
2003; McKinney & Gammie 2004): Be = −hut− 1, where
h = 1+(u+p)/ρ is the relativistic specific enthalpy and ut is
the covariant time component of the plasma 4-velocity. In the
fiducial run (and other runs as well in the next section), we
confirm p/ρ . 10−1 throughout the computational domain.
Thus, we can approximately use h ≈ 1 and Be ≈ −ut − 1,
which is adopted throughout this paper. A fluid is gravita-
tionally unbound and can escape to infinity for Be > 0, and
vice versa. The contour of −ut = 1 (Be ≈ 0) is shown
in Figure 5, forming “V”-shaped geometry (originally found
in McKinney & Gammie 2004). We can clearly find the
bound region Be < 0 inside the PFD funnel (close to the
black hole) and whole outside (throughout the computational
domain r/rg ≤ 40). It is a well-known issue, though we em-
phasize here, that the outgoing mass flux in the PFD funnel jet
does NOT come from the event horizon, whereas the Poynting
flux is extracted from there via the Blandford-Znajek process
(Blandford & Znajek 1977) as is widely examined (e.g. McK-
inney & Gammie 2004; McKinney 2006; Globus & Levinson
2013; Pu et al. 2015).
As investigated above, our fiducial run provides the bound-
ary condition of the funnel edge (at a quantitative level);
b2/ρ ' 1, βp ' 1, and − ut ' 1 (Be ≈ 0) (4)
along the outermost BP82-type parabolic (z ∝ r1.6) stream-
line (the ordered, large-scale poloidal magnetic field line),
which is anchored to the event horizon with the maximum
colatitude angle θfp ' pi/2 (at the footpoint). There is a
discrepant distribution of these quantities in previous results
Corona
RIAF body
Funnel
FIG. 5.— The final snapshot of the fiducial run (a = 0.9375); t/tg =
9000. A color filled contour shows the total pressure p + b2/2 (in the fluid
frame). Contours of equipartition quantities are exhibited (the upper compu-
tational domain; 0 ≤ θ ≤ pi/2). An orange solid line shows b2/ρ = 1,
while green solid lines show βp = 1. −ut = 1 (Be ≈ 0) is shown with a
magenta dashed line. Other components are identical to those in Figure 2.
(McKinney & Gammie 2004; McKinney 2006). We specu-
late this may be just because the funnel does not reach a quasi-
steady state. Note that an alignment of the funnel edge along
the specific streamline depends weakly on the initial condition
(such as βp0,min); formation of a BP82-type parabolic funnel
is confirmed for a reasonable range of 50 . βp0,min < 500
under the fixed Kerr parameter (a = 0.9) up to rout/rg = 100
(see Appendix A). We also note that a qualitatively similar
structure of the low-density funnel edge of b2/ρ ' 1 , which
is anchored to the event horizon with a high inclination an-
gle θ > 80◦, is identified in three-dimensional (3D) GRMHD
simulations with a = 0.5 (e.g. Ressler et al. 2017). Thus,
we suggest our finding may not depend on the dimensionality
(2D or 3D).
We further examine the distribution of the total (gas + mag-
netic) pressure, which is underlaid in Figure 5. It gives a good
sense of the jet confinement by the ambient medium. Ex-
ternal coronal pressure outside the funnel, which consists of
both gas and magnetic contributions (βp ' 1), is surely over-
pressured with respect to the magnetic pressure-dominated
region (βp  1) inside the funnel. The situation seems un-
changed even after the MRI-driven MHD turbulence saturates
as is shown in Figure 6. In the vicinity of the black hole
(r/rg . 5), the total pressure of the RIAF body, which is
dominated by the gas pressure (t/tg . 3000) or in an equipar-
tition (βp ∼ 1; t/tg & 3000). The important point of Figure
6 is that the funnel pressure (magnetically dominated) and
the coronal pressure (βp ' 1) are almost unchanged dur-
ing t/tg ' 3000–9000, suggesting the quasi-steady parabolic
shape of the funnel is sustained. Some convenient terminol-
ogy is provided in Figure 5 for dividing the domain into the
funnel (b2/ρ 1, βp  1), corona (b2/ρ ' 10−2, βp ' 1),
and RIAF body (b2/ρ  10−2, βp & 1), following the liter-
ature (De Villiers et al. 2003; McKinney & Gammie 2004;
Hawley & Krolik 2006; Sadowski et al. 2013).
We realize, however, that the ram pressure of the accreting
gas becomes even higher than the total pressure in the RIAF
8 Nakamura et al.
1 101 102
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-4
θ ( )
r/rg=40
t/tg=9000
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-4
r/rg=40
p
b2/2
p+b2/2
t/tg=3000
FIG. 6.— A θ cross-section at r/rg = 40 showing the gas pressure (red
solid line), the magnetic pressure (blue solid line), and their sum (the total
pressure: black dotted line) in the fiducial run (a = 0.9375); t/tg = 3000
(top) and 9000 (bottom).
body on the equatorial plane (by almost an order of magni-
tude). This is conceptually similar to the so-called “magnet-
ically arrested disk” (MAD: e.g. Narayan et al. 2003; Igu-
menshchev 2008; Tchekhovskoy et al. 2011) although the
accretion flow in our HARM fiducial run is identified as the
“standard and normal evolution” (SANE: Narayan et al.
2012) without having an arrested poloidal magnetic flux on
the equatorial plane at R > rH (see Figure 3). Anyhow, as a
consequence of this combination of effects, we could expect
that the PFD jet to be deformed into a non-conical geome-
try. Note that the funnel structure becomes radial (i.e., con-
ical) if the magnetic pressure in the funnel is in equilibrium
with the total pressure in the corona and the RIAF body in
3D GRMHD simulations (e.g. Hirose et al. 2004). We also
remark that the low-density funnel edge with b2/ρ ' 1 is es-
tablished even in the MAD state with 3D runs (Ressler et al.
2017).
Finally, Figure 7 provides further examination of outflows
(and inflows as well) in the system. The outgoing radial mass
flux density exists both inside and outside the funnel, but that
in the corona is significantly higher than the funnel with∼ 1–
Wind
Jet
FIG. 7.— The final snapshot of the fiducial run (a = 0.9375); t/tg =
9000. The magnitude of the outgoing radial mass flux density
√−gρur(>
0), where ur is the radial component of the four-velocity,
√−g = Σ sin θ
is the metric determinant, and Σ ≡ r2 + a2 cos2 θ, is shown with a color
filled contour (the upper computational domain; 0 ≤ θ ≤ pi/2). Contours
with navy solid lines show ur = 0, while “whiteout” regions indicate the
magnitude of the ingoing radial mass flux density
√−gρur(< 0). The
jet stagnation surface is clearly displayed inside the PFD funnel (ur = 0).
−ut = 1 (Be ≈ 0) is shown with a magenta dashed line. Other components
are identical to those in Figure 2.
3 orders of magnitude, which is quantitatively consistent with
other 3D simulations in the SANE state (e.g. Sadowski et al.
2013; Yuan et al. 2015). Aside from the terminology in McK-
inney & Gammie (2004), we consider outflows in the funnel
as jets, while those in the corona as winds (e.g. Sadowski et
al. 2013), as is labeled. The former is highly magnetized
with considerable poloidal magnetic flux and powered by the
spinning black hole, but the latter is not (see, Figures 2 and
3). A division boundary of these outflows lies on Be ≈ 0
contour along the outermost BP82-type parabolic streamline.
That is, the black hole-driven PFD funnel jet is unbound, but
the RIAF-driven coronal wind is bound (at least in our simu-
lation up to rout/rg = 100).
In the coronal wind (bound), a considerable mass is sup-
plied from the RIAF and thus the outflow does not possess
sufficient energy to overcome the gravitational potential. On
the other hand, the funnel jet (unbound), which carries very
little mass, becomes relativistic quite easily (due to the mag-
netic acceleration along the poloidal magnetic field) and could
escape to infinity. However, the bound wind may not exist per-
manently at large distance; Be is presumably not a constant
(in the non-steady flow) and the sign can be positive with a 3D
turbulent environment (Yuan et al. 2015). The jet stagnation
surface in the PFD funnel, at which the contravariant radial
component of the plasma 4-velocity becomes zero (ur = 0;
McKinney 2006; Pu et al. 2015; Broderick & Tchekhovskoy
2015), is clearly identified.
In Figure 7, we can see that the jet stagnation surface
does reasonably coincide with the bound/unbound boundary:
Be ≈ 0 (−ut = 1) except for the polar region (θ ∼ 0) of
the V-shaped geometry. Outside the PFD funnel jet, the coro-
nal wind can be identified with the outgoing radial mass flux
density , but there is an accreting gas (identified by the in-
going radial mass flux density) around θ ' pi/4. On the
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other hand, there is the outgoing gas in the RIAF body at
pi/3 . θ . 2/3pi (see Figure 5). This is not a wind, but as-
sociated with turbulent motions. Thus, both inflows and out-
flows are mixed up in the corona and RIAF body, suggesting
the adiabatic inflow-outflow solution (ADIOS: Blandford &
Begelman 1999, 2004). Note that ur does not vanish along
the jet/wind boundary and thus the wind plays a dynamical
role in confining the PFD jet (see also Figure 11).
The origin of the wind is beyond the scope of our consid-
eration here, but the magneto-centrifugal mechanism (BP82)
would be unlikely to operate; it is because of the absence of
a coherent poloidal magnet field outside the PFD funnel (see
Figure 3), where the toroidal magnetic field is dominant and
the plasma is not highly magnetized (b2/ρ  1 and βp & 1;
see Figures 2 and 5). Note that a dominant toroidal magnetic
field may be also true in the SANE state with 3D runs (e.g.
Hirose et al. 2004). Regarding the funnel-wall jet (Haw-
ley & Krolik 2006), which could be driven by a high-total
pressure corona squeezing material against an inner centrifu-
gal wall, does not seem to appear in our fiducial simulation.
We do not find any significant evidence of it; no pileup of the
mass flux and/or the total pressure at the funnel edge along
the BP82-type parabolic outermost streamline. There is a key
difference between the coronal wind and the funnel-wall jet;
the former is bound, while the later is unbound at least in the
vicinity of the black hole (De Villiers et al. 2003). The outer
boundary of the matter-dominated coronal wind (b2/ρ < 0.1;
see Figures 2 and 7) is somewhat indistinct as is indicated by
Hawley & Krolik (2006).
3.2. Parameter Survey: (In)dependence on Black Hole Spins
Based on our fiducial run, we further examine the BP82-
type parabolic structure (z ∝ R1.6) of the PFD funnel jet
against the varying black hole spin. Different Kerr param-
eters are examined with same value of βp0,min = 100 in
the extended computational domain rout/rg = 100 (with
a grid assignment Nx1 × Nx2 = 512 × 512). We pre-
scribe rmax/rg=12.95, 12.45, 12.05, and 11.95, for a =
0.5, 0.7, 0.9, and 0.99, respectively.
3.2.1. Funnel Structure
Figure 8 exhibits b2/ρ at the final stage t/tg = 12000 for
various black hole spins. First of all, we confirmed that the
overall structure outside the funnel seems to be unchanged
with different spins; b2/ρ ' 10−3–10−1 is obtained in the
wind/corona region, while the RIAF body sustains b2/ρ .
10−3. The MRI-driven turbulence has decayed in both the
wind/corona and RIAF body by this phase. The funnel bound-
ary fairly follows the outermost BP82-type parabolic stream-
line, which is anchored to r = rH, but shifts inward with
increasing a (the funnel becomes “slimmer”). We find that
b2/ρ ' 1 is maintained along the funnel edge for sufficiently
high spins (a ≥ 0.9), while the value is somewhat smaller—
around b2/ρ ' 0.5—for lower spins (a ≤ 0.7) in the quasi-
steady phase; b2/ρ ≤ 5 is obtained at the jet stagnation sur-
face (see Figure 14 in the next section) so that the downstream
of the funnel jet does not hold a highly PFD state.
We report one obvious, but notable dependence on the black
hole spin a during the time evolution of the system in Figure
8; b2/ρ in the funnel grows larger when a increases. This im-
plies that a large spin would be suitable for obtaining a large
value of b2/ρ at the jet launching region, which determines
the maximum Lorentz factor (e.g. McKinney 2006, see also
Figure 14 for reference values). Thus, we may consider the
black hole spin dependence on the asymptotic Lorentz factor
at large distance although another factor (i.e., the magnetic
nozzle effect) may also affect this. Beneath the jet stagna-
tion surface, there is an inflow ur < 0 (Be < 0) along each
streamline because the fluid is strongly bound by the hole’s
gravity. Thus, a shift of the jet stagnation can be expected,
depending on the black hope spin; the fluid can escape from a
deeper gravitational potential well of the hole due to an en-
hanced magneto-centrifugal effect in a cold GRMHD flow
(Takahashi et al. 1990; Pu et al. 2015) if a becomes large.
See Section 3.2.3 with Figures 14 for more details.
On the other hand, we confirmed that the shape of the
funnel exhibits a weak dependence on the black hole spin
(a ≥ 0.5). As a increases, the angular frequency Ω of a
poloidal magnetic field line (Ferraro 1937) increases where
frame dragging is so large inside the ergosphere that it gen-
erates a considerably larger toroidal magnetic field. Conse-
quently, a magnetic tension force due to hoop stresses (“mag-
netic pinch”) would be expected to act more effectively on
collimating the funnel jet. It, however, is not the case at the
funnel edge; hoop stresses nearly cancel centrifugal forces,
suggesting that a self-collimation is negligible (McKinney &
Narayan 2007a,b). Note that a self-collimation will be effec-
tive at the funnel interior as a increases (see below).
As is introduced in Section 2.1, the outermost BP82-type
parabolic streamline (z ∝ R1.6) of the steady axisymmetric
FFE jet solution (NMF07, TMN08), which is anchored to the
event horizon with the maximum colatitude angle θfp = pi/2,
can suitably represent the boundary (Equation 3) between the
PFD funnel jet and the wind/corona region. The funnel edge
can be approximately defined as the location where b2/ρ '
0.5–1 along the specific curvilinear shape. This is, at least in
our GRMHD simulations, valid on the scale of r/rg . 100
with a range of Kerr parameters a = 0.5–0.99 (due to the
limited space, we omit to show the case of a = 0.998, but we
confirmed similar structure of the PFD funnel jet as is shown
in Figure 8). Again, we report a formation of the BP82-type
parabolic funnel with 50 . βp0,min < 500 (a = 0.9) up to
rout/rg = 100 in our GRMHD runs (see Appendix A).
Figure 9 displays the poloidal magnetic field lines, corre-
sponding to each panel of Figure 8. We obtained qualitatively
similar results with Figure 3 at the final stage (t/tg = 9000)
and the overall feature is unchanged with varying the black
hole spin as is similar to Figure 8. Again, there is no coher-
ent structure of the poloidal magnetic field lines in both the
corona and RIAF body for all cases: a = 0.5-0.99. It is likely
that the MHD turbulence (due to the MRI) saturates in our
axisymmetric simulations, whereas there are some features of
poloidal field tangling. As is widely examined in a 3D simula-
tion with similar initial weak poloidal field loops lying inside
the torus, the evolved field is primarily toroidal in the RIAF
body and corona (e.g. Hirose et al. 2004); the magnetic en-
ergy of the coronal field is, on average, in equipartition with
the thermal energy (βp ' 1) and the corona does not become
a magnetically dominated force-free state, which is quantita-
tively consistent with our results.
By contrast, in the funnel region (b2/ρ & 1) the field is
essentially “helical” with a dominant radial component out-
side the ergosphere and a toroidal component that becomes
larger with increasing black hole spin (see also Hirose et al.
2004). In their result, the magnetic pressure in the funnel is
in equilibrium with the total pressure in the corona and the
inner part of the RIAF body. This is, however, different form
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a = 0.5 a = 0.7 a = 0.9 a = 0.99
FIG. 8.— A color filled contour of b2/ρ for four different runs with different black hole spins (from left to right: a = 0.5, 0.7, 0.9, and 0.99). The final
snapshot (t/tg = 12000) is displayed for each run with the whole computational domain r/rg ≤ 100 and 0 ≤ θ ≤ pi. Other components in panels are identical
to those in Figure 1, but the black hole spin is adjusted.
a = 0.5 a = 0.7 a = 0.9 a = 0.99
FIG. 9.— Contours (gray) show poloidal magnetic field lines for four different runs with different black hole spins (from left to right: a = 0.5, 0.7, 0.9, and
0.99). The final snapshot (t/tg = 12000) is displayed for each run with the whole computational domain r/rg ≤ 100 and 0 ≤ θ ≤ pi. Other components in
panels are identical to those in Figure 8.
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FIG. 10.— A θ cross-section showing the gas pressure (red solid line), the
magnetic pressure (blue solid line), and their sum (the total pressure: black
dotted line) at the final stage (t/tg = 12000) for a = 0.9; r/rg = 100
(top), 50 (middle), and 10 (bottom).
our results; as is shown in our fiducial run (Figure 5), the to-
tal pressure in the PFD funnel (i.e., the dominant magnetic
pressure) is smaller than the outer total pressure (especially
at r/rg . 20-30, where the curvature of the funnel edge is
large). We understand that this is one of the reasons why our
PFD funnel jet is deformed into a paraboloidal configuration,
rather than maintaining the radial shape.
Figure 10 shows that an excess of the external coronal pres-
sure (compared with the funnel pressure) gradually decreases
as r increases (as the curvature of the parabolic funnel be-
comes small). They are almost comparable at r/rg = 100,
indicating that the pressure balance is established, where the
magnetic pressure inside the funnel decays about two orders
of magnitude compared with that at r/rg = 10. By combin-
ing with Figure 11, it is implied that a coronal wind plays a
dynamical role in shaping the jet into a parabolic geometry.
An inhomogeneous spacing of poloidal magnetic field lines
in the lateral direction (R) at z/rg & 50 (the tendency be-
comes strong with a ≥ 0.7) is confirmed in Figure 9 (the den-
sity of contours is high around the polar axis, while it becomes
low near the funnel edge). This is widely seen in the literature
and interpreted as the self-collimation by the magnetic hoop
stress, which collimates the inner part of streamlines relative
to the outer part (e.g. Nakamura et al. 2006; Komissarov et al.
2007, 2009; Tchekhovskoy et al. 2008, 2009, 2010). This is
named as “differential bunching/collimation” of the poloidal
magnetic flux (Tchekhovskoy et al. 2009; Komissarov et al.
2009), leading to a sufficient opening of neighboring stream-
lines for an effective bulk acceleration via the magnetic noz-
zle effect (e.g. Toma & Takahara 2013, for recent progress
and references therein). In the next section, further quantita-
tive examination of the differential bunching of the poloidal
magnetic flux is presented (see also Figure 13), which is as-
sociated to the jet bulk acceleration.
3.2.2. Outflows
Next, we examine the nature of the coronal wind in Fig-
ure 11, corresponding to each panel of Figure 8. Again, we
obtain qualitatively similar results with Figure 7 (the magni-
tude of the outgoing radial mass flux density of the coronal
wind is higher than that of the funnel jet by ∼ 1–3 orders of
magnitude) even as the black hole spin varies. This is con-
sistent with the SANE state of 3D GRMHD simulations, in
which the magnitude of the outgoing radial mass flux density
of the coronal wind does not exhibit a noticeable dependence
on the black hole spin (Sadowski et al. 2013). We also con-
firm the distribution of Be ≈ 0 (−ut = 1) forms a V-shaped
geometry as mentioned in Section 3.1. The right side of the
V-shaped distribution of Be ≈ 0 reasonably follows the out-
ermost BP82-type parabolic streamline, which is anchored to
the event horizon, up to rout/rg = 100 for a = 0.5–0.99 (al-
though there is some deviation near the outer radial boundary
in a = 0.9), suggesting that the coronal wind is bound up to
rout/rg ∼ 100. It is notable that the jet stagnation surface
(ur = 0) inside the funnel shifts towards the black hole as a
increases (e.g. Takahashi et al. 1990; Pu et al. 2015), but
it coincides with the left side of the V-shaped distribution of
Be ≈ 0 except for the polar region (θ ∼ 0; see also Figure 7).
Finally, we examine the velocity of the funnel jet. We
evaluate the Lorentz factor Γ, which is measured in Boyer-
Lindquist coordinates (e.g. McKinney 2006; Pu et al. 2015);
Γ =
√−gttut, (5)
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a = 0.5 a = 0.7 a = 0.9 a = 0.99
FIG. 11.— A color filled contour of the magnitude of the outgoing radial mass flux density (similar to Figure 7) for four different runs with different black
hole spins (from left to right: a = 0.5, 0.7, 0.9, and 0.99). The final snapshot (t/tg = 12000) is displayed for each run with the whole computational domain
r/rg ≤ 100 and 0 ≤ θ ≤ pi. Navy solid line shows ur = 0, while “whiteout” regions indicate the magnitude of the ingoing radial mass flux density. The jet
stagnation is clearly displayed inside the PFD funnel (ur = 0), and it shifts towards the black hole when a increases. −ut = 1 (Be ≈ 0) is shown with a
magenta dashed line. Other components in panels are identical to those in Figure 8.
a = 0.5 a = 0.7 a = 0.9 a = 0.99
FIG. 12.— A color filled contour of the Lorentz factor Γ (only where ur > 0) for four different runs with different black hole spins (from left to right:
a = 0.5, 0.7, 0.9, and 0.99). The final snapshot (t/tg = 12000) is displayed for each run with the whole computational domain r/rg ≤ 100 and 0 ≤ θ ≤ pi.
Green solid lines show βp = 1 (in the fluid frame). Other components in panels are identical to those in Figure 8.
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where
gtt ≡ −(∆− a2 sin2 θ)/Σ,
∆ ≡ r2 − 2r + a2, Σ ≡ r2 + a2 cos2 θ.
We report another visible dependence on the black hole spin
a during the time evolution of the system in Figure 12, which
exhibits Γ at the final stage t/tg = 12000, corresponding
to each panel of Figure 8. It is notable that a high value
of Γ (. 1.5 in a = 0.7, . 2.3 in a = 0.9, and . 2.8 in
a = 0.99, respectively) is distributed between two outermost
streamlines (z ∝ R2 and z ∝ R1.6) of the semi-analytical
FFE jet, which are anchored to the horizon (Figure 1).
Qualitatively similar results (Γ becomes large at the outer
layer in the funnel, while Γ ' 1 is sustained at the inner layer)
are obtained in SRMHD simulations with a fixed jet bound-
ary and a solid-body rotation at the jet inlet, which provides a
good approximation of the behavior of field lines that thread
the horizon (Komissarov et al. 2007, 2009). Furthermore,
the trend can be seen in FFE (a = 1; Tchekhovskoy et al.
2008), GRFFE (a = 0.9–0.99; Tchekhovskoy et al. 2010),
and GRMHD (a = 0.7–0.98; Penna et al. 2013) simulations
with modified initial field geometries in the torus (Narayan
et al. 2012). Note that the inner “cylinder-like” layer with
a lower Γ < 1.5 for all spins arises from a suppression of
the magnetic nozzle effect; an effective bunching poloidal
flux takes place near the polar axis due to the hoop stresses
(see Figure 9) so that enough separation between neighboring
poloidal field lines is suppressed (see also Komissarov et al.
2007, 2009).
Another notable feature is the inhomogeneous distribution
of Γ (blobs) at the outer layer in the funnel; throughout the
time evolution, knotty structures are formed with Γ & 2 when
a ≥ 0.9 (two right panels in Figure 12). Blobs appear at
around the funnel edgeR/rg & 10 (z/rg & 20) with Γ & 1.5,
which could be observed as a superluminal motion& c with a
viewing angle. 25◦. Note that no proper motion has been de-
tected within a scale of 100 rg in de-projection in M87, where
we interpret VLBI cores as an innermost jet emission. We
discuss the formation of blobs and their observational coun-
terparts in Section 5.3.2.
An evolution of the Lorentz factor in a highly magnetized
MHD/FFE outflow can be expressed with the approximated
formula (in the so-called “linear acceleration” regime6):
Γ ≈
√
1 + (RΩ)2 ≈ RΩ ∝ z1/, (6)
where
Ω ≈ 0.5ΩH(a). (7)
ΩH denotes the angular frequency of the black hole event
horizon as
ΩH(a) =
ac
2rH
. (8)
This formula is valid at a moderately relativistic regime Γ & 2
(McKinney & Narayan 2007b; Komissarov et al. 2007, 2009,
NMF07, TMN08) and/or all the way out to large distances
6 In a less-collimated parabolic stream with 1 <  < 2, an outflow
also follows the so-called “power-law acceleration” regime, which exhibits
a slower growth of Γ ≈ √3/(− 1)(/θ) ∝ z(−1)/ than the linear ac-
celeration (see TMN08; Komissarov et al. 2009, for details). A transition
(from linear to power-law acceleration) depends on  = 2/(2 − κ) and θfp
(the colatitude angle at the footpoint; i.e., the event horizon in this paper).
(the jet radius is large enough: RΩ  1 where the curvature
of the magnetic surface is unimportant; Beskin & Nokhrina
2006, 2009). This can be expected at z/rg & 100 as is ex-
hibited in the steady axisymmetric GRMHD solution (Pu et
al. 2015). Numerical simulations of the FFE jets in both gen-
uine parabolic and the BP82-type parabolic shapes provide a
quantitative agreement with the analytical solution (TMN08).
Based on our result shown in Figure 12, at least up to
r/rg = 100, we could not find clear evidence of linear ac-
celeration in the funnel jet. This is presumably due to a lack
of a differential bunching/collimation of the poloidal mag-
netic flux as is expected in a highly magnetized MHD/FFE
regime (e.g. Tchekhovskoy et al. 2009) during the lateral ex-
tension of the funnel (in the regime of RΩ  1). However,
there are visible increases of distributed Γ in the funnel jet
as a increases. We can identify a physical reason in Figure
13; a concentration of the poloidal magnetic field becomes
strong as r increases, but it is also enhanced as a function of
a (a = 0.5 → 0.99). As consequence of the differential op-
eration of the magnetic nozzle effect, a larger Γ value in the
funnel jet is obtained in the higher spin case. Note that blobs
(knotty structures) also appear near the funnel boundary at
a ≥ 0.9 and we discuss this feature in Section 5.3.2.
Contours of the equipartition βp = 1 are also displayed
in Figure 12. We can see that one of contours is elongated
near the outermost BP82-type parabolic streamline. Thus, our
boundary condition of the funnel edge (Equation 4) is mod-
erately sustained up to rout/rg = 100 (there is a departure
of βp = 1 from the funnel edge in a = 0.9, but this seems
to be a temporal and/or boundary issue). Figure 12 also pro-
vides a clue of the velocity in the corona/wind region. At the
funnel exterior, no coherent poloidal magnetic flux exists in
the quasi-steady SANE state (Figure 9). The weakly magne-
tized (b2/ρ  1, βp ' 1) coronal wind carries a substantial
mass flux compared with the funnel jet (Figure 11, see also
Sadowski et al. 2013; Yuan et al. 2015). Therefore it is
unlikely that the coronal wind could obtain a relativistic ve-
locity; Γ = 1 is sustained in all cases with a = 0.5–0.99 (see
also Yuan et al. 2015, with a = 0). Note that similar results
are confirmed even in 3D simulations of the MAD state (e.g.
Penna et al. 2013), in which the coherent poloidal magnetic
flux is presumably arrested on the equatorial plane at R > rH
(Tchekhovskoy 2015).
With standard parameters in HARM, our GRMHD simula-
tions provide several interesting results, which does not de-
pend on the black hole spin when a = 0.5-0.99. We, however,
need further investigations to find features such as a linear ac-
celeration of the underlying flow with an extended computa-
tional domain (rout/rg > 100). Also, one of the important
issues is to investigate whether an unbound wind could surely
exist on large scales. If so, it indicates thatBe ' 0 (−ut ' 1)
will not hold at the jet/wind boundary. How the BP82-type
parabolic funnel jet could be maintained by an unbound wind
and/or other external medium? How the equipartition condi-
tions b2/ρ ' 0.5–1 and βp ' 1 are maintained (or modified)?
These questions will be addressed in a forthcoming paper.
3.2.3. Jet Stagnation Surface
We present Figure 14 to examine the jet stagnation surface
and the local value of b2/ρ, with respect to the black hole spin
(a). As is also shown in Figure 11, the jet stagnation surface
(ur = 0 inside the funnel) shifts toward the black hole if a
increases (see, e.g. Takahashi et al. 1990, for an analytical
examination in the Kerr space-time) due to an increase of Ω
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FIG. 13.— A θ cross-section at r/rg =10 (black, left) or 5 (black, right),
50 (blue), and 100 (red) showing the absolute value of the radial magnetic
field |Br| at t/tg = 12000; a = 0.5 (left) and a = 0.99 (right).
(the outflow can be initiated at the inner side), but qualitatively
similar structures of the surface are obtained (a = 0.5–0.99)
as is clearly seen in Figure 14.
Coherent poloidal magnetic field lines are regularly dis-
tributed inside the funnel edge along the outermost parabolic
streamline (BP82: z ∝ r1.6), which is anchored to the event
horizon. As the black hole spin increases, the density of con-
tours becomes high, indicating that the poloidal field strength
goes up. Especially, as is examined in Figure 3, it is promi-
nent at around the polar axis (z) in the very vicinity of the
event horizon (r/rg . a few) as a → 1 (e.g. Tchekhovskoy
et al. 2010). The closest part (to the black hole) of the jet
stagnation is located at around the funnel edge with a = 0.5–
0.99. During the quasi-steady state, the jet stagnation surface
is almost stationary in our GRMHD simulations. Outer edges
of the stagnation surface in funnel jets (r/rg ' 5–10 in the
case of a = 0.5–0.99) give an (initial) jet half opening angle
of ∼ 40◦–50◦ in de-projection (see Figure 13 and 14).
Contours of b2/ρ with selected values are also displayed
on each panel of Figure 14 for our reference. In the vicinity
of the black hole at r/rg . 20, the value of b2/ρ decreases
monotonically (approximately independent on the colatitude
angle θ inside the funnel) as r increases. Again, this can be
interpreted as a consequence of no visible (but very weak)
bunching of poloidal magnetic flux at r/rg ' 5–10 (around
the stagnation surface edges in the case of a = 0.5–0.99), as
is shown in Figures 4, 13, and 14. Thus, we may not expect a
significant concentration of the mass density toward the polar
axis at a few . r/rg . 20 as examined with our fiducial run
in Section 3.1 (see also Figures 2 and 3). Depending on the
black hole spin (a = 0.5, 0.7, 0.9 and 0.99), b2/ρ ' 2, 5, 10
and 20 are identified at around the closest part (near the funnel
edge) on the jet stagnation surface. This is located between
two outermost streamlines (z ∝ r2 and z ∝ r1.6) of the semi-
analytical solution of the FFE jet.
As is seen in Figure 12, a high value of Γ is distributed
throughout an outer layer of the funnel between two outer-
most streamlines (z ∝ R2 and z ∝ R1.6), which are anchored
to the event horizon. Having a high value of b2/ρ at the jet
launching point is suggestive that the flow will undergo bulk
acceleration to relativistic velocities, as seen in Equation (1).
This is a necessary, but not sufficient condition, as the mag-
netic nozzle effect is also needed, which can be triggered by
a differential bunching of poloidal flux toward the polar axis.
As is suggested in Takahashi et al. (1990); Pu et al. (2015),
the location of the jet stagnation surface, where the magneto-
centrifugal force is balanced by the gravity of the black hole,
is independent of the flow property, such as the rate of mass
loading, because it is solely determined by a and Ω (Equation
7). We point out that a departure of the jet stagnation surface
from the black hole at a higher colatitude (θ → 0) gives a
prospective reason for the lateral stratification of Γ at large
distances (where the sufficient condition for the bulk acceler-
ation may be applied).
a = 0.5 a = 0.7
a = 0.9 a = 0.99
FIG. 14.— Similar to Figure 9, but the magnified view is shown for display-
ing the poloidal magnetic field line around the black hole with the computa-
tional domain 0 ≤ R/rg ≤ 20 and −15 ≤ z/rg ≤ 25. The jet stagnation
surface: ur = 0 is drawn with navy solid lines on each panel (from upper-
left to lower-right; different black hole spins of a = 0.5, 0.7, 0.9 and 0.99,
respectively). Orange solid lines on each panel show i) b2/ρ = 2, 5, 10, and
20, respectively (both at z ≶ 0).
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The above issue could be associated with the so-called
limb-brightened feature in the M87 jet. Note we identified
the value of b2/ρ ' 0.5–1 as the physical boundary at the fun-
nel edge along the outermost BP82-type parabolic streamline,
which is anchored to the event horizon. Thus, if this bound-
ary condition holds even further downstream (r/rg  100),
the funnel edge is unlikely to be a site exhibiting a relativistic
flow, as is examined in Figure 12. A highly Doppler boosted
emission may not be expected there, but an alternative pro-
cess, such as the in situ particle acceleration may be consid-
ered at the edge of the jet sheath (as a boundary shear layer)
under the energy equipartition between the relativistic parti-
cles and the magnetic field (e.g. Stawarz & Ostrowski 2002).
On the other hand, limbs in the M87 jet have a finite width δR
inside their edges and δR seems to increase in the downstream
direction (e.g. Asada et al. 2016), suggesting a differential
bunching of streamlines (e.g. Komissarov 2011).
In this paper, we identify the outer jet structure (limbs) as
the jet sheath, while the inner jet structure (inside limbs) is
identified as the jet spine. In the next section, our results
are compared with VLBI observations, followed by related
discussions in Section 5. Especially, we assign Section 5.2
for discussion of a limb-brightened feature in the context of
MHD jets and Section 5.3.2 to describe the origin of knotty
structures.
4. COMPARISON WITH VLBI OBSERVATIONS
4.1. Jet Morphology
Figure 15 overviews the geometry of the M87 jet by com-
piling the data in the literature (see the caption for references).
Multi-wavelength observations by Asada & Nakamura (2012,
hereafter AN12) revealed that the global structure of the jet
sheath is characterized by the parabolic stream z ∝ R1.73 at
z/rg ∼ 400–4 × 105 (see also Hada et al. 2013), while it
changes into the conical stream z ∝ R0.96 beyond the Bondi
radius of rB/rg ' 6.9×105 (∼ 205 pc: Rafferty et al. 2006).
Hada et al. (2013) and Nakamura & Asada (2013) examined
the innermost jet region (z/rg & 10) by utilizing the VLBI
core shift (Hada et al. 2011). Hada et al. (2013) which sug-
gests a possible structural change toward upstream at around
z/rg ∼ 300, where the VLBA core at 5 GHz is located. The
innermost jet sheath (z/rg & 200) is recently revealed with
HSA 86 GHz (Hada et al. 2016). Based on our theoretical
examinations presented in previous sections, we overlay the
outermost streamlines of the semi-analytical FFE jet model
(NMF07, TMN08) with varying Kerr parameters (a = 0.5–
0.99) on data points in Figure 15 for comparison.
There are notable findings: i) the inner jet radius (at z/rg .
100), which is represented by VLBI cores at 15–230 GHz,
are traced by either outer parabolic or inner genuine parabolic
streamlines of FFE jets, which are anchored to r = rH with
θfp = pi/2. Within the uncertainties, we cannot distinguish
the shape of the streamline, but there is a tendency that the
mean values shift towards the genuine parabolic streamlines
inside the funnel. Therefore, we consider that the mm VLBI
core at 230 GHz with EHT observations (Doeleman et al.
2012; Akiyama et al. 2015, hereafter the EHT core) pre-
sumably show the innermost jet to be in a highly magnetized
(PFD) regime b2/ρ  1 and Γ . 1.5 (see, Figures 8 and 12)
inside the funnel. Note that the dominant magnetic energy of
the VLBI core at 230 GHz is originally proposed by Kino et
al. (2015). This may reflect the jet spine, however, rather
than the jet sheath at the funnel edge (see Section 5.3.1 for
discussions).
ii) At the scale of 100 . z/rg . 104, we identify a clear
coincidence between the radius of the jet sheath and the out-
ermost BP82-type streamline of the FFE jet solution. We
also confirm a reasonable overlap between the VLBI cores
at 5 and 8 GHz and an extended emission of the jet sheath
at VLBA 43 and HSA 86 GHz (see also Hada et al. 2013).
Therefore, the hypothesis of the VLBI core as the innermost
jet emission (Blandford & Ko¨nigl 1979) is presumably cor-
rect at this scale although a highly magnetized state of VLBI
cores, suggested by Kino et al. (2014, 2015) and the fre-
quency (ν) dependent VLBI core shift ∆z(ν) ∝ 1/ν, taking
place in the non-conical jet geometry in M87 (Hada et al.
2011) may conflict with original ideas in Blandford & Ko¨nigl
(1979, where an equipartition between the magnetic and syn-
chrotron particle energy densities and a constant opening an-
gle and constant velocity jet is considered). We also remind
readers about our recent result on the jet geometry of blazars
which examined VLBI cores (Algaba et al. 2017), suggest-
ing that non-conical structures may exist inside the sphere of
influence (SOI) rSOI ∼ 105–106 rg.
iii) At around z/rg ' 104–105, it is visible that data points
(the radius of the jet sheath) start to deviate slightly from z ∝
R1.6, but a parabolic shape is sustained. This may indicate
a new establishment of the lateral force-equilibrium between
the funnel edge and the outer medium (wind/corona above the
RIAF), or the jet sheath starts to be Doppler de-boosted (see
Figures 16 and 18 as well as our discussion in Section 5.2).
Previous GRMHD simulations exhibit a conical shape of the
funnel edge at z/rg & a few of 100 (e.g. McKinney 2006),
implying the jet is over-pressured against the outer medium.
This however could not be the case in M87. The intrinsic
half opening angle (θj) of the jet sheath attains the level of
θj ' 0.5◦ at around z/rg ' 4× 105.
iv) Data points are clearly deviated from the outermost
BP82-type parabolic streamlines of the FFE jet solution be-
yond rB. As is originally suggested by Cheung et al. (2007),
a structured complex known as “HST-1” (Biretta et al. 1999)
is located just downstream of rB at around 106 rg. AN12
suggest a geometrical transition of the M87 jet as a conse-
quence of the over-collimation of the highly magnetized jet
at the HST-1 complex, which can be initiated by forming the
HST-1 complex, at ' rB. The jet exhibits the conical geome-
try with θj ' 0.5◦ (const) at the kpc scale (z/rg & 3 × 106),
while θj ' 0.1◦ is obtained at around HST-1. We can refer to
another sample of the AGN jet structural transition at ' rSOI
in NGC 6251 (Tseng et al. 2016, see also Section 5.1).
Note the magnetic pressures at HST-1 and several knots in
the downstream (' 10−9–10−8 dyn cm−2; Owen et al. 1989;
Perlman et al. 2003; Harris et al. 2009) are highly over-
pressured against the ISM pressure of ' 10−11–10−10 dyn
cm−2 (Matsushita et al. 2002). Thus, the lateral pressure
equilibrium between the conical jet sheath and the ambient
medium does not seem to be sustained beyond rB. The inner
part of highly magnetized jets can be heavily over-pressured
with respect to the outer part due to the hoop stress as is ex-
amined in numerical simulations and self-similar steady so-
lutions (Nakamura et al. 2006; Zakamska et al. 2008). A
conical expansion of the highly magnetized (with a dominant
toroidal field component), over-pressured jet sheath against
the uniform ISM environment is reproduced in numerical sim-
ulations (e.g. Clarke et al. 1986).
As a summary of this section, we conclude that the edge of
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FIG. 15.— Distribution of the jet radius R as a function of the jet axial distance z (de-projected with M = 6.2× 109M and θv = 14◦) from the SMBH in
units of rg (cf. Asada & Nakamura 2012; Nakamura & Asada 2013; Hada et al. 2013, labeled as AN12, NA13, and H13, respectively). Additional data points
are taken from Doeleman et al. (2012); Akiyama et al. (2015); Hada et al. (2016) (labeled as D12, A15, and H16, respectively). The (vertical) dashed-dotted
line denotes the Bondi radius rB, located at' 6.9×105 rg and the HST-1 complex is around 106 rg. Filled black region denotes the black hole (inside the event
horizon), while the hatched area represents the ergosphere for the spin parameter a = 0.99. The light gray area denotes the approximate solution (e.g. NMF07,
TMN08) of the FFE genuine parabolic jet (outermost BZ77-type streamline: z ∝ R2 at R/rg  1), while the dark gray area is the case of the parabolic jet
(outermost BP82-type streamline: z ∝ R1.6 at R/rg  1), respectively. In both of the outermost streamlines, which are anchored to the event horizon with
θfp = pi/2, a variation from a = 0.5 (upper edge) to a = 0.99 (lower edge) is represented as a shaded area. The solid line is the linear least-square for data
points of MERLIN 1.8 GHz, indicating the conical stream z ∝ R (Asada & Nakamura 2012).
the jet sheath in M87 upstream of rB can be approximately de-
scribed as the outermost BP82-type streamline of the FFE jet
solution with the Kerr parameter a > 0, which is anchored to
the event horizon. Thus, we suggest the parabolic jet sheath
in M87 is likely powered by the spinning black hole. Re-
cent theoretical arguments clarified that the outward Poynting
flux is generally non-zero (i.e., the BZ77 process generally
works) along open magnetic field lines threading the ergo-
sphere (Toma & Takahara 2014; Komissarov 2004). Thus
our findings support the existence of the ergosphere. We note,
however, that there is an alternative suggestion that the jet
sheath is launched in the inner part of the Keplerian disk at
R ∼ 10 rg (Mertens et al. 2016).
4.2. Jet Kinematics
Figure 16 overviews the jet kinematics by compiling the
data in the literature (see the caption for references). Multi-
wavelength VLBI and optical observations reveal both sub-
luminal and superluminal features in proper motion, provid-
ing a global distribution of the jet velocity field V in M87.
We display the value of Γβ in Figure 16 by using simple alge-
braic formulas with the bulk Lorentz factor Γ ≡ (1−β2)−1/2
and β = βapp/(βapp cos θv + sin θv), where β = V/c, and
βapp is the apparent speed of the moving component in units
of c, respectively. The value of Γβ approaches β in the non-
relativistic regime (Γ→ 1) and represents Γ in the relativistic
regime (β → 1), thereby representing simultaneously the full
dynamic range in velocity over both regimes.
Superluminal motions (βapp > 1) have been frequently ob-
served at relatively large distances beyond rB. Furthermore,
these components seem to originate at the location HST-1
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FIG. 16.— Distribution of Γβ as a function of the jet axial distance z (de-projected with M = 6.2× 109M and θv = 14◦) from the SMBH in units of rg.
The data of proper motions is taken from the literature (Reid et al. 1989; Biretta et al. 1995; Biretta et al. 1999; Kellermann et al. 2004; Kovalev et al. 2007; Ly
et al. 2007; Cheung et al. 2007; Giroletti et al. 2012; Meyer et al. 2013; Asada et al. 2014; Hada et al. 2016; Mertens et al. 2016; Hada et al. 2017, labeled
as R89, B95, B99, K04, K07, L07, C07, G12, M13, A14, H16, M16 and H17, respectively). Theoretical expectation by utilizing the FFE parabolic (z ∝ R1.8)
jet solutions (NMF07, TMN08) is also displayed with varying Kerr parameters (a = 0.5: dotted line, a = 0.7: dashed line, a = 0.9: dashed-three dotted line,
and a = 0.99: solid line, respectively). The vertical solid line with horizontal bars (cyan) indicates a range of maximum values in the jet sheath (between two
outermost streamlines; z ∝ R2 and z ∝ R1.6), which are obtained in our GRMHD simulations at around rout = 100 rg (a = 0.5–0.99, see Figure 12). For
our reference, the maximum value in McKinney (2006, labeled as M06) with a = 0.9375 is marked with a filled star. Also, the vertical solid line with horizontal
bars (black) indicates a range of maximum values in Penna et al. (2013, labeled as P13) with a = 0.7–0.98. The horizontal gray line corresponds to Γβ with
β = cos θv, at which the Doppler beaming has a peak (see also Figure 18).
(Biretta et al. 1999; Cheung et al. 2007; Giroletti et al.
2012). On the other hand, no prominent superluminal fea-
tures inside rB have been confirmed in VLBI observations
over decades (Reid et al. 1989; Kellermann et al. 2004; Ly
et al. 2007). Instead, sub-luminal features are considered as
non-bulk motions, such as growing instability patterns and/or
standing shocks (e.g. Kovalev et al. 2007). Thus, this discrep-
ancy (a gap between sub-luminal and superluminal motions
along the jet axial distance) has been commonly recognized.
Asada et al. (2014) discovered a series of superluminal com-
ponents upstream of HST-1 (z/rg ∼ 105–106), providing the
missing link in the jet kinematics of M87.
Very recently, superluminal motions on the scale of z/rg '
103–104 were finally discovered by Mertens et al. (2016);
Hada et al. (2017). These observations give a diversity
to the velocity picture, and suggests the hypothesis that the
systematic bulk acceleration is taking place if the observed
proper motions indeed represent the underlying bulk flow. A
smooth acceleration from subliminal to superluminal motions
upstream of HST-1 is argued in the context of the MHD jet
with an expanding parabolic nozzle (Nakamura & Asada
2013; Asada et al. 2014; Mertens et al. 2016; Hada et al.
2017), while observed proper motions exhibit a systematic
deceleration in the region downstream of HST-1 (Biretta et al.
1995; Biretta et al. 1999; Meyer et al. 2013) where the jet
forms a conical stream.
Paired sub-/superluminal motions in optical/radio observa-
tions at HST-1 (Biretta et al. 1999; Cheung et al. 2007)
(see Figure 16 at around ∼ 106 rg) are modeled by the quad
relativistic MHD shock system with a coherent helical mag-
netic field (Nakamura et al. 2010; Nakamura & Meier 2014).
Taking the complex 3D kinematic features of trailing knots
downstream of HST-1 (Meyer et al. 2013) into account, a
growing current-driven helical kink instability associated with
forward/reverse MHD shocks in the highly magnetized rela-
tivistic jet (Nakamura & Meier 2004) may be responsible for
organizing the conical jet in M87 at kpc scale.
We examine here the jet kinematics with observations far
upstream of HST-1 at z/rg ' 103–104 (Kellermann et al.
2004; Kovalev et al. 2007; Hada et al. 2016, 2017; Mertens
et al. 2016). The distribution of Γβ reaches a maximum
level of ' 3 and extends to a lower value by more than two
orders of magnitude as is shown in Figure 16. Mertens et
al. (2016) interpret that the flow consists of a slow, mildly
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relativistic (Γβ ∼ 0.6: sub-luminal) layer (the exterior of the
jet sheath), associated either with instability patterns or winds,
and a fast, relativistic (Γβ ∼ 2.3: superluminal) layer (the jet
sheath), which is an accelerating a cold MHD jet from the
Keplerian disk (i.e., the BP mechanism). Note that βapp ' 1
corresponds to Γβ ' 1.46 with θv = 14◦ in M87.
In our numerical results, maximum values of Γβ ' 0.8–2.6
[the solid cyan vertical line in Figure 16] is obtained at around
rout/rg = 100 (θ . 10◦), depending on the black hole spin.
This range covers most of the higher part of observed proper
motions. For sufficiently high spins (a ≥ 0.9), bulk speeds of
Γβ ' 1.7–2.6 could be associated with knotty structures (see,
Figure 12). Thus, we give an additional interpretation that
superluminal motions could be interpreted as moving blobs in
the underlying flow of the jet sheath. Regarding highly sub-
luminal motions, as is shown in Figures 11 and 12, we confirm
a non-relativistic coronal wind universally exists for a = 0.5–
0.99 with Γβ & 0.1 (see also Yuan et al. 2015, for a =
0), which may be responsible for slow motions immediately
exterior the jet sheath. An acceleration of winds is also of our
interest, but it is unclear in our numerical results (see, Yuan et
al. 2015, for their behaviors at r/rg & 100).
Under the assumption that an observed moving component
(βapp) represents an underlying bulk flow (e.g. Lister et al.
2009), we compare observations with steady axisymmetric
FFE jet solutions in Figure 16. Γβ with Equation (6) is dis-
played with different black hole spins (a = 0.5–0.99). Our
numerical simulations reveal that b2/ρ ' 0.5-1 is sustained
at the funnel edge along the outermost BP82-type parabolic
streamlines of z ∝ R1.6. Therefore, significant acceleration
through the FFE mechanism or magnetic field conversion is
not expected here. Instead, the inner part of the funnel (the jet
sheath/limb), where high ratio of magnetic to rest-mass en-
ergy density would be expected, is an appropriate region to
apply the FFE jet solution. Parabolic streamlines of z ∝ R1.8
(a = 0.5–0.99) with θfp = pi/3 are chosen as our reference
solutions, taking into account that a peak in Γ lies asymp-
totically between two outermost streamlines (z ∝ R2 and
z ∝ R1.6 in Figure 12).
A linear acceleration of highly magnetized MHD/FFE out-
flows can be expected in the moderately relativistic regime
(Γ & 2) with Γβ ∝ R ∝ z0.56 (β → 1) as is shown in Fig-
ure 16. Similar results are obtained by Beskin & Nokhrina
(2006); McKinney & Narayan (2007b); Pu et al. (2015).
Maximum values of Γβ (' 0.8–2.6) in our GRMHD simula-
tions (a = 0.5–0.99) are qualitatively consistent with those of
the FFE jet at z/rg = 100. We, however, consider this would
be by coincidence as we cannot find any smooth increase in
Γ well beyond ∼ 2 within r/rg = 100 in Figure 12. FFE
jet solutions with the parabolic shape of z ∝ R1.8 indicate
Γβ ∼ 4–30 around the scale of z/rg ∼ 103–104 (a ≥ 0.5).
This velocity range corresponds to βapp ≈ 4–8 with θv = 14◦
in M87. There is a clear discrepancy between observed proper
motions and theoretical expectations.
In reality, AGN jets at VLBI scale may not be exactly
described by the FFE system. An agreement between the
GRMHD results and FFE models is found to be good as far
as r/rg ∼ 103; beyond this scale the matter inertia becomes
non-negligible (Γ & 10) in GRMHD simulations (McKinney
& Narayan 2007a). As a consequence, a slower evolution
than Γβ ∝ R may presumably take place. Nonetheless, a de-
parture from Γ ∼ 2 at z/rg & 100 could be expected in a
GRMHD simulation if b2/ρ is sufficiently large ( 1) at the
jet stagnation surface. To be fair enough, Γβ . 7 is achieved
at z/rg ' 700 in McKinney (2006)7, which is quantitatively
consistent with the FFE jet with a = 0.9–0.99 (see Figure
16). On the other hand, for a moderate case of b2/ρ . 100,
maximum values of Γβ ' 3–4 are reported at z/rg ' 1000
with a = 0.7–0.98 (Penna et al. 2013), indicating that a
slower evolution is taking place than in highly magnetized
GRMHD/FFE outflows (see also Figure 16).
As is mentioned above, the detection of faster proper mo-
tions βapp & 4 (∼ 15 mas/yr) and a signature of their accel-
erations at z/rg ∼ 103–104, where the jet sheath maintains
a parabolic shape, will be key to confirming our GRMHD
parabolic jet hypothesis. A VLBI program with 15/22/43
GHz towards M87 with a high-cadence monitoring of less
than a week (conducting each observation every few days over
a few weeks) may be feasible to find motions faster than& 0.3
mas/week.
5. DISCUSSIONS
Topical issues are discussed for applying our results to other
AGN jets and highlighting some future study on the M87 jet.
5.1. Similarities between NGC 6251 and M87
Tseng et al. (2016, hereafter T16) analyzed multi-
frequency data (VLBA, EVN, and VLA) to investigate the
jet structure in NGC 6251 and detect a structural transition
of the jet radius from a parabolic to a conical shape at (2–4)
×105 rg, which is close to rSOI ' 106 rg in this source. This
is a remarkably similar result to M87 (AN12); one may con-
sider the virial equilibrium at the center of the cooling core
in the giant elliptical galaxies as a thermodynamically stable
state, which gives rB ≈ rSOI. Furthermore, the jet radii (in
units of 2rg) before/after the transition are quantitatively over-
lapped with M87 as is shown in Figure 3 of T16. Obviously,
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FIG. 17.— Distribution of the jet radius R in NGC6251 as a function of
the jet axial distance z (de-projected with M = 6 × 108M and θv =
19◦) from the SMBH in units of rg (T16). This is similar to Figure 15;
the vertical/horizontal scales and other components, which are shown in this
figure, are identical.
7 McKinney (2006) uses a = 0.9375 (the fiducial value), but a modified
floor model is adopted; factors 10−7 in both power-law forms of ρmin and
umin as well as a steep gradient of r−2.7 in both cases. This ensures a huge
value of b2/ρ . 107 near the black hole in the PFD funnel.
Parabolic Jets in M87 19
this implies a tight correlation between the jet sheath and the
outermost BP82-type parabolic streamline of the FFE jet so-
lution as seen in M87 (Figure 15). Figure 17 confirms this at
a quantitative level in NGC 6251.
T16 performed the broken power-law fitting and obtained
z ∝ R2.0 at . 4.2 × 105 rg and z ∝ R0.94 far beyond.
We hereby suggest that the inner jet could be the BP82-type
parabolic geometry, which is similar to M87 (Figure 17), if a
position offset of VLBI cores from the SMBH ' 8 × 103 rg
in T16 is taken into account. Note that the radius of the EVN
core at 1.6 GHz is almost identical to the radii of the VLBA
jet at 15 GHz, as is shown in Figure 17 so we also confirm
the VLBI core can be identified as the innermost jet emis-
sion given at these frequencies, which is also similar to M87
(Nakamura & Asada 2013; Hada et al. 2013). By compar-
ing Figure 15 and Figure 17, we realize that the data points of
M87 (inside rB) are distributed across more orders of magni-
tude than NGC 6251 (inside rSOI). Thus, VLBI observations
at higher frequencies are needed to confirm a precise power-
law index in the parabolic stream inside the SOI.
The difference of the SMBH mass between M87 and NGC
6251 is about one order of magnitude. If the jet radial and
axial sizes are normalized in units of rg, they are remarkably
identical (see, Figures 15 and 17 in this paper, and Figure 3
in T16). This suggests us the structural transition may be a
characteristic of AGN jets, at least in nearby radio galaxies.
It is straightforward to seek a counterpart by studying nearby
blazars with a relatively large SMBH mass of M ∼ 109–
1010M. Historically, the upstream region of conical jets in
blazars (i.e., inside the VLBI cores at . 0.1 mas8 at mm/cm
wavelengths) has been unresolved. They are sometimes called
the “pipe-line” from the central energy generator to the jet,
which is unknown and even said that it may not exist (see,
the schematic view: Marscher & Gear 1985). Therefore, we
expect that ultra-high-angular-resolution VLBI at mm (HSA,
GMVA, EHT) wavelengths with ALMA will explore the non-
conical pipe-line inside rSOI for bright nearby blazars.
5.2. A Limb-brightened Feature in the M87 Jet
A limb-brightened feature, one of the unanswered issues in
the M87 jet, is discussed by Hada et al. (2016); according
to the jet spine-sheath scenario by the presence of a veloc-
ity gradient transverse to the jet (e.g. Ghisellini et al. 2005;
Clausen-Brown et al. 2013)9, viewing the M87 jet from an
angle θv = 14◦ would not cause a limb-brightened feature un-
less the jet spine was unrealistically faster than the jet sheath,
indicating alternative processes are involved (see, Hada et al.
2016, and references therein). Let us re-visit this issue based
on Figure 16; a relativistic beaming effect in the M87 jet is
diagnosed with the Doppler factor δ = {Γ (1− β cos θv)}−1
on the scale of z/rg ∼ 103–104, where β and Γ are adopted
from observed proper motions and the MHD jet theory.
The observed synchrotron flux density Sν for a relativis-
tically moving component is enhanced by a beaming factor
δ3−α (Jorstad et al. 2005; Savolainen et al. 2010), where
8 Corresponding distances ∼ 10 pc for FSRQs at 〈z〉 ∼ 1.11 and ∼ 6
pc for BL Lacs at 〈z〉 ∼ 0.37 at an average redshift (e.g. Dermer 2007)
with a viewing angle of 5◦ for our reference. Thus, the region . 105 rg for
M & 109M has been unexplored in many blazars.
9 The radio emission seen at a large viewing angle θv is mostly coming
from the slower sheath, while the emission from the faster spine is beaming
away from the line of sight, because a Doppler factor as a function of β(≡
V/c) has a peak at β = cos θv.
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FIG. 18.— Distribution of the beaming factor δ3−α as a function of Γβ.
θv = 14◦ and α = −0.5 are adopted. Cross-hatched gray area highlights
the Doppler boosting with beaming factors of ∼ 1–100 at 10−2 . Γβ . 3,
corresponding to the observations at z/rg ∼ 103–104 in Figure 16. Note
that a peak of the curve is located at Γβ with β = cos θv.
α is the spectral index defined as Sν ∝ ν+α. We here adopt
α = −0.5 for the reference and the corresponding beaming
factor is displayed as a function of the 4-velocity Γβ in Figure
18. The beaming factor becomes less than unity in the highly
relativistic regime Γβ & 30. By taking into account the ob-
served proper motions in HSA 86 GHz, VLBA 15/43 GHz,
and KaVA 22 GHz on the scale of z/rg ∼ 103–104, which
corresponds to Γβ ' 10−2–3 in Figure 16, the beaming fac-
tor is expected to be ∼ 1–100 at the jet sheath. Note that a
similar range of beaming factors can be expected at Γβ ' 4–
30, which is expected in the FFE jet solutions for the parabolic
geometry (z ∝ R1.8) with a = 0.5–0.99 at z/rg ∼ 103–104
in Figure 16.
As Equation (6) suggests, the linear acceleration of a highly
magnetized MHD/FFE outflow decreases toward the polar re-
gion of the funnel when the power-law index of the parabola
() becomes large. A quasi-homogeneous distribution of the
magnetization σ (≈ b2/ρ) along the colatitude angle (θ) at
r/rg . 20 and the structure of the jet stagnation surface, as
is revealed in our GRMHD simulations (see Figure 14), may
provide a feasible reasoning for an efficient bulk acceleration
at the outer jet sheath, where the magnetic nozzle effect would
be expected under the progress of a differential bunching of
the poloidal magnetic flux toward the polar axis.
Therefore, the jet spine can be intrinsically less beamed
than the jet sheath as the distribution of Γ exhibits (Figure
12; see also Tchekhovskoy et al. 2008, 2010; Penna et al.
2013). A lateral stratification of Γ is naturally expected so that
a limb-brightened feature may be fundamental in AGN jets if
they consist of black hole-driven GRMHD outflows. Interest-
ingly, limb-brightened features are also observed in the best
known TeV BL Lac objects Markarian (Mrk) 421 (Piner et al.
2010) and Mrk 501 (Giroletti et al. 2008; Piner et al. 2009)
on z/rg ' 104–105 even with smaller angles of θv = 4◦
(Giroletti et al. 2004; Lico et al. 2012).
Based on our numerical results up to rout/rg = 100, we
find no relevant evidence of a concentration of the poloidal
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magnetic flux at the funnel edge (Gracia et al. 2009) and/or a
pileup of the material along the funnel edge (Zakamska et al.
2008), which might be related to a funnel-wall jet (De Vil-
liers et al. 2003, 2005), as a possible mechanism of a limb-
brightened feature. Note these may conflict with the physical
conditions necessary to accelerate MHD jets, e.g., a high ra-
tio of magnetic to rest-mass energy density and the magnetic
nozzle effect. It would, however, be necessary to conduct a
further investigation of this issue at the corresponding scale
(z/rg & 103).
We comment on the power-law acceleration (see the foot-
note 7) in the jet sheath (possibly, a less-collimated parabolic
stream than the genuine parabolic one). As is shown in Figure
16, steady axisymmetric FFE jet solutions for streamlines of
z ∝ R1.8 (a = 0.5–0.99) with θfp = pi/3 (as the jet sheath)
does not exhibit a transition from the linear to power-law ac-
celeration at z/rg < 105 (it takes place at z/rg > 1010 for
a = 0.99). Thus, the outer jet sheath is always faster than the
inner jet spine, even if the jet spine is launched with a suf-
ficiently high value of b2/ρ at the jet stagnation surface and
Γ follows the linear acceleration due to an efficient magnetic
nozzle effect. Both of these factors, however, are not sup-
ported by our GRMHD simulations. Therefore, we suggest
the limb-brightened feature in M87 may be associated with
the intrinsic property of an MHD parabolic jet powered by the
spinning black hole, rather than the result of a special viewing
angle as is previously discussed in (Hada et al. 2016).
Finally, as is mentioned in Section 4.1, the radius of the jet
sheath starts to deviate slightly (becoming narrower) from the
outermost BP82-type streamline z ∝ R1.6 at z/rg & 104 (see
also Figure 15). If the jet sheath follows the linear accelera-
tion up to this scale, as is examined in Figure 16, the underly-
ing flow would reach Γβ ' 30 (a = 0.9–0.99) and result in
a weaker Doppler de-boosting (Figure 18). Furthermore, it is
interesting to note that the emission of the parabolic jet sheath
further downstream disappears at z/rg & 4 × 105 (Asada et
al. 2014), where θj ' 0.5◦ is obtained (Figure 15). If the em-
pirical relation Γθj ∼ 0.1 – 0.2 (Clausen-Brown et al. 2013)
is applied, Γ ' 11–22 would be expected. This is close to the
velocity range, at which a Doppler de-boosting may arise.
5.3. VLBI Cores in M87
We now discuss the (sub-)mm VLBI cores in M87, which
are considered the innermost jet emission—at the given
frequencies—in the vicinity of the SMBH (see also Figure
15). Figure 19 shows the radius and location of VLBI cores
at mm bands (43, 86, and 230 GHz) and their expectation at
sub-mm bands (345 and 690 GHz), by an extrapolation of the
VLBI core at frequencies higher than 43 GHz (Hada et al.
2013; Nakamura & Asada 2013) and utilizing the frequency
depending VLBI core shift (Blandford & Ko¨nigl 1979) in
M87 (Hada et al. 2011). Our GRMHD simulation result for
a = 0.9 is overlaid for reference. What we currently know
about the (sub-)mm VLBI cores of M87 from observations are
the size, the flux density, the brightness temperature (Doele-
man et al. 2012; Akiyama et al. 2015), and the energetics
(Kino et al. 2014, 2015).
5.3.1. (Sub-)mm VLBI Core as a Neighborhood of the Jet Origin
The synchrotron self-absorption (SSA) theory is applied in
order to examine the energy balance between electrons (Ue)
and magnetic fields (UB) for the VLBA core at 43 GHz; it
can be highly magnetized or at most roughly in equipartition
FIG. 19.— Innermost jet radii are displayed as the FWHM/2 of mm VLBI
cores at 43, 86, and 230 GHz, by utilizing the VLBI core shift. Our GRMHD
simulation result (a = 0.9) in the quasi-steady phase (t/tg = 11000) is
overlaid. Expected positions of sub-mm VLBI cores at 345 and 690 GHz
are also indicated with a horizontal dashed line. A color filled contour of the
Lorentz factor Γ (only where ur > 0) is shown as well as βp = 1 (green
solid lines), the jet stagnation surface ur = 0 (a navy solid line: only inside
the PFD funnel), and b2/ρ = 1 (an orange solid line). Other components are
identical to those in Figure 1, but the black hole spin is adjusted. The size
of the black hole shadow is indicated with the dotted circle with the average
radius ∼ 5 rg for our reference. See also Figures 5, 12, and 15 for details.
(10−4 . Ue/UB . 0.5; Kino et al. 2014). Furthermore,
Kino et al. (2015) derived the energy balance of electrons
and positrons (U±) and UB in the EHT core at 230 GHz as
8× 10−7 ≤ U±/UB ≤ 2× 10−3. These constraints, together
with their locations (R/rg, z/rg) in the funnel, may provide
some hint for how to discriminate between the (sub-)mm and
mm cores as is shown in Figure 19.
Under the hypothesis that (sub-)mm VLBI cores consist
of the optically thick (against SSA) non-thermal synchrotron
emission from the innermost jet, mm VLBI core emission
(≤ 86 GHz) may be dominated by the jet sheath close to the
funnel edge (b2/ρ ' 1 and βp ' 1). The (sub-)mm VLBI
core emission (≥ 230 GHz) may be dominated by the jet spine
further inside the funnel edge (b2/ρ 1 and βp  1), though
we may not rule out a possible contribution of the RIAF body
(b2/ρ  1 and βp ≥ 1) (Kino et al. 2015; Akiyama et al.
2015); the brightness temperature of∼ (1−2)×1010 K of the
EHT core is broadly consistent with the electron temperature
of ∼ 109–1010 K in the advection-dominated accretion flow
(Mahadevan 1997).
Temporal variations of the FWHM size as well as the flux
density of (sub-)mm VLBI cores (spanning from months to
Parabolic Jets in M87 21
years) may also provide another important clue for the local
behavior of the jet as is shown in Figure 19. It is notable
that the FWHM size of VLBI cores at 43/86 GHz is changing
with variable flux density within a factor of ∼ 2 (Nakamura
& Asada 2013; Hada et al. 2013, 2016), while the EHT core
at 230 GHz is fairly stable without a significant change of the
flux density spanning three years (Akiyama et al. 2015). On
the other hand, the light curve of the SMA data at 230 GHz ap-
pears to exhibit a monthly scale variation (Hada et al. 2014),
implying that the variability may arise on the scale larger than
10 rg, which corresponds to the size of the jet radius (& a few
tens of rg) where blobs emerge and propagate in our GRMHD
simulations.
Thus, no significant variations of the FWHM size as well
as the flux density spanning three years (Akiyama et al.
2015) and a theoretical constraint toward a highly magneti-
cally dominated state (Kino et al. 2015) in the EHT core
give us a favor that a emission comes form the innermost jet
(inside the funnel) within z/rg . 20, whereas further multi-
epoch observations would be desired to confirm our hypothe-
sis. As is shown in Figure 19, position uncertainties of (sub-
)mm VLBI cores allows us to consider either the jet and/or the
RIAF as an emission source. Thus, polarization structures at
(sub-)mm bands would be important to study the origin of the
synchrotron emission of VLBI cores; either a toroidal compo-
nent (from the RIAF and/or corona/wind) or a helical compo-
nent (from the funnel). Furthermore, an existence of sub-mm
VLBI cores at 345/690 GHz (or perhaps non-existence due
to a truncation of the core emission beyond the jet stagnation
surface) may provide a further constraint.
Figure 19 also indicates the FWHM/2 size of the EHT core
' 5 rg ∼ 20µas (Doeleman et al. 2012; Akiyama et al.
2015) at 230 GHz is comparable to a largest extent of the stag-
nation surface (i.e., a minimum extent of the funnel jet radius
at the approaching side) for the BH spin a ∼ 0.9. This is also
similar size of the photon ring (i.e., the black hole shadow)
with the average radius of ∼ 5rg (Chan et al. 2013). There-
fore, the observed (sub-)mm VLBI core structure at 230 GHz
(and above) may be affected by the photon ring and/or the
gravitational lensing of surrounding emission (e.g. the RIAF,
the counter jet, and so on). Our discussion does not consider
this, while our results are not affected by this. We speculate
that some prominent feature associated to the jet base, which
can be connected to the spinning black hole with ΩH, may be
expected if the stagnation surface is the initiation site of the
particle acceleration (e.g. Broderick & Tchekhovskoy 2015;
Pu et al. 2017).
5.3.2. Origin of Superluminal Blobs and Shock-in-jet Hypothesis
Distribution of Γ in Figure 19 clearly exhibits an exis-
tence of the cylindrical core with Γ . 1.2 inside the fun-
nel (R/rg . 5), accompanied with a lateral increase of Γ
along the R-axis (see also Figure 12). The funnel jet does not
exhibit a significant acceleration with remaining Γ . 1.5 at
z/rg . 50, where it does not fully enter the linear accelera-
tion regime (RΩ  1). Outside the funnel, the bound wind
exists, but Γ = 1 is sustained. However, it is notable that there
is an emergence of blobs with Γ & 1.5 in the funnel jet (we
confirmed similar events take place when a ≥ 0.7).
We consider that a formation of high-Γ blobs in the un-
derlying low-Γ bulk flow near the black hole may be a fun-
damental phenomena in the system, giving a physical origin
of superluminal motions as seen in mm/cm VLBI observa-
tions (see Figure 16). A blob, which may be a compressional
magnetosonic wave triggered by the axisymmetric distortion
such as an m = 0 mode instability inside the funnel edge,
could steepen into a magnetosonic shock. Therefore, moving
a shock in the jet (“shock-in-jet”, e.g. Blandford & Ko¨nigl
1979; Marscher 1980) is presumably expected as a coun-
terpart of enhanced synchrotron emission, especially at the
jet sheath. Thus our GRMHD simulations provide a self-
consistent process how superluminal blobs in AGNs could be
originated in the vicinity of the SMBH.
This feature has never been seen in previous simulations
with a fixed curvilinear boundary wall (Komissarov et al.
2007, 2009; Tchekhovskoy et al. 2008, 2010), implying a
dynamical consequence of the external boundary during the
evolution of PFD funnel jets. It seems that a blob appears
beyondR ' 10 rg(> RL) (whereRL is the outer light surface
and RL ∼ 5 for the case of a = 0.9, e.g. McKinney 2006;
Pu et al. 2015) due to a lateral compression of the funnel-
wall as is shown in Figure 19. Note that previous GRMHD
simulations (McKinney 2006) also experience that, beyond
r ≈ 10 rg, as the jet undergoes poloidal oscillations due to
toroidal pinch instabilities; Γ is larger in pinched regions than
non-pinched regions.
We suggest that the pressure driven (interchange) and/or the
current driven instability, such as sausage/pinch mode (the az-
imuthal mode number: m = 0) may play a dynamical role. In
the highly magnetized PFD funnel, the outer Alfve´n surface
is fairly close to the outer light surface, where the azimuthal
component of the magnetic field is comparable to the poloidal
one (McKinney 2006; Pu et al. 2015). The azimuthal com-
ponent of the magnetic field becomes dominant in the super-
Alfve´nic flow and if the ratio of the toroidal to poloidal field
strength becomes larger than
√
2, such an instability may take
place (e.g. Kadomtsev 1966; Priest 1982). βp ' 1 is located
just at the funnel edge (see also Figures 5, 12, and 19) and we
thus consider that the m = 0 mode is excited at around the jet
sheath at R/rg & 10 , but it could be suppressed at the inner
jet spine and the vicinity of the black hole where βp  1.
One of the good examples is provided by VLBI observa-
tions with the HSA at 86 GHz (Hada et al. 2016); we remark
the axisymmetric “bottle-neck” structure at ∼ 0.2–0.3 mas
(∼ 230–340 rg in de-projection) from the core. We further
point out knot-like enhanced intensity features as an appear-
ance of paired ’blobs’ at both northern and southern limbs (la-
beled as N1/S1–N4/S4) up to ∼ 1 mas (∼ 103 rg) in Hada et
al. (2016). Distribution of quasi-axisymmetric blobs (north-
ern/southern limbs) extends up to∼ 10 mas (∼ 104 rg), which
is revealed by the VLBA at 43 GHz (Walker et al. 2018)
and the KaVA at 23 GHz (Niinuma et al. 2014). Oscillatory
patterns, most likely reflecting over-collimation/-expansion of
the flow, are seen at. 10 mas scale of the jet sheath (Mertens
et al. 2016).
The very high energy (VHE; > 100 GeV) γ-ray flares in
M87 (see Abramowski et al. 2012, for an overview) may
originate in the jet base within ∼ 100 rg, which is associated
to the radio core at 43 GHz in 2008 (Acciari et al. 2009),
2010 (Hada et al. 2012), and 2012 (Hada et al. 2014). Dur-
ing an enhanced VHE γ-ray state in 2012, mm VLBI (EHT)
observations of M87 at 230 GHz have been conducted. There
is little possibility of the VHE γ-ray event in a compact region
of . 20 rg (neither obvious structural changes nor associated
flux changes; Akiyama et al. 2015). Such observational ev-
idence may also support the shock-in-jet scenario associated
with a VHE event in M87, as some counterpart is reproduced
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in our GRMHD simulations. We thus suggest that different
behaviors of VLBI cores at different frequencies (43/86 GHz
and 230 GHz) can originate from the lateral extent of their
sizes (R/rg & 10 or small), which specifies the location of an
emerging high-Γ blob in the PFD funnel jet.
It would be favored to conduct simultaneous observations
with multi-frequency, multi-epoch mm/sub-mm VLBI study.
This enables us to examine the dynamical structure of the in-
nermost jet in M87 as well as proper motions by diagnosing
the core size and the flux variations. For example, an emer-
gence of the blob with Γ ∼ 1.5 near the VLBI core at 86 GHz,
as is shown in Figure 19, corresponds to an apparent speed of
∼ 0.6–0.7 c with θv = 14◦. This is equivalent to a motion of
∼ 2.2–2.6 mas yr−1 in the proximity to M87. By considering
the distance between VLBI cores at 86 GHz and 43 GHz as
∼ 20 rg ∼ 0.02 mas in projection (θv = 14◦), a delay of ∼ 2
days is expected before rising the flux density in the VLBI
core at 43 GHz, if a passing blob through VLBI cores indeed
does cause flare-ups.
5.3.3. Comparisons with Other Models and Future Studies
Based on our examination, we briefly discuss other stud-
ies on modeling the M87 jet. A “state-of-art” 3D GRMHD
simulation model with radiative transfer (RT) computations is
proposed by Mos´cibrodzka et al. (2016a). The model consid-
ers that the radio emission comes from the jet sheath (funnel
wall:e.g. Hawley & Krolik 2006), in which the plasma is con-
stantly supplied from a less magnetized (βp = 1–50) accre-
tion disk (e.g. Mos´cibrodzka et al. 2016b). On the other hand,
this paper suggests the jet sheath is powered by the spinning
black hole and located inside the parabolic funnel where a
highly magnetized plasma exists (b2/ρ & 1 and βp . 1). Our
GRMHD simulations exhibit the bulk acceleration and the su-
perluminal blobs are activated inside, but near the funnel edge
at & 10 rg if the black hole spin is moderately large (a ≥ 0.7;
see Figure 19). We therefore suggest that a proper shape of the
funnel play an important role in modeling the M87 jet because
it may provide a suitable jet sheath if the Doppler beaming and
non-thermal particle acceleration by the emerging superlumi-
nal blobs are responsible for the limb-brightened feature. As
is also discussed in Section 5.3, we remark a highly magnet-
ically dominated state of the VLBA core at 43 GHz (Kino et
al. 2014) and the EHT core at 230 GHz (Kino et al. 2015),
which may provide an additional constraint on these models.
We leave our direct comparison in the forthcoming paper with
a post-processing with RT computations.
Mertens et al. (2016) examine kinematics of the M87 jet
on scales of z/rg = 200–2000 based on multi-epoch VLBA
observations at 43 GHz and discuss the jet acceleration10 in
the context of an MHD jet launched by magneto-centrifugal
mechanism from the Keplerian disk (BP82). It is unclear
whether the BP process indeed takes place at the inner accre-
tion flow near the ergosphere based on our GRMHD simula-
tions (the BP process requires a high magnetization b2/ρ 1
at the jet launching region of the accretion flow and an exis-
tence of the coherent poloidal magnetic field, which possibly
penetrates the equatorial plane). Authors consider an invis-
ible/dimmer faster spine (than the slower sheath) due to ei-
ther not present in the flow (i.e., a lower synchrotron particle
10 Authors conduct the wavelet-based image segmentation and evaluation
method to derive proper motions. A wider variety of velocity fields is ex-
tracted, but the fastest motions at each axial distance are selected to examine
the jet acceleration.
energy density) or de-boosted. However, as we examined in
§5.2, such a de-beaming effect may not be expected on that
spacial scale (z/rg ' 1000) with θv ∼ 10◦–20◦ (e.g. Hada
et al. 2016) even if the FFE jet model (an upper limit in
the MHD acceleration as the plasma inertia is negligible) is
adopted (unless a lower emissivity is expected).
Above two models seem to favor the accretion disk as the
origin of the jet sheath, which is contrary to our model. It may
be also true that a large-scale coherent poloidal magnetic flux,
which threads the equatorial plane, exist in the MAD-type ac-
cretion flow (e.g. Tchekhovskoy et al. 2011; Tchekhovskoy
& McKinney 2012). We, however, speculate that a highly
magnetized (i.e., a low mass loaded, relativistic) outflow may
not be initiated in such an environment. It is therefore nec-
essary to examine our hypothesis whether the jet sheath is
surely originated from the spinning black hole or not with
a MAD-type configuration. Because of how we thread the
initial torus with magnetic field, larger disks will have more
available magnetic flux to accrete (e.g. Narayan et al. 2012).
More accreted flux will then open the possibility of exploring
how the MAD state may affect the jet model we propose here.
We leave this exploration to future work.
Our results also need to be confirmed in 3D simulations. As
observations indicate, projected VLBI images of the M87 jet
on the plane of the sky exhibit an almost axisymmetric shape
inside the Bondi radius although some internal (non-) axisym-
metric patterns exist. This may suggest that internal modes
(m ≥ 0) of plasma instabilities are growing, while external
non-axisymmetric modes (m ≥ 1) seem to be suppressed.
This could be the case if the highly magnetized jet is con-
fined by the weakly magnetized external medium (e.g. Naka-
mura et al. 2007). 3D GRMHD simulation model of M87
(e.g. Mos´cibrodzka et al. 2016a) exhibits a non-disturbed
jet, which may not be subject to external non-axisymmetric
modes, at distance up to a few hundred of rg.
Finally, we remark on the recent theoretical examination of
the limb-brightened jet feature by Takahashi et al. (2018).
Based on a steady axisymmetric jet model from the Keple-
rian accretion disk to synthesize radio images of the M87 jet
(Broderick & Loeb 2009), authors examine larger parame-
ter spaces of locating a plasma loading and the angular fre-
quency Ω of the poloidal magnetic field lines. They find
that symmetrically limb-brightened jet images as is seen in
M87 can be reproduced only if the poloidal magnetic field
lines of the jet penetrate a fast-spinning black hole, while
the jet with poloidal magnetic field lines that pass through a
slowly spinning black hole or the Keplerian accretion disk (at
R/rg & 10), seems to be disfavored11.
6. CONCLUSIONS
Our study deals with the formation of parabolic jets from
the spinning black hole by utilizing semi-analytical solutions
of the steady axisymmetric FFE jet model (Narayan et al.
2007; Tchekhovskoy et al. 2008) and the 2D public ver-
sion of the GRMHD simulation code HARM (Gammie et al.
2003; Noble et al. 2006). Funnel jets in GRMHD simu-
lations, which have been widely investigated during the last
decade (see Section 1 for references), are of our particular in-
terest because their nature in a parabolic shape have still been
11 The model does not rule out the possibility of a systematic limb-
brightened jet if disk-threading poloidal magnetic field lines are spinning fast
and concentrated around the ISCO under the high magnetization b2/ρ  1
(e.g. Toma & Takahara 2014).
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unknown. Our recent observational efforts toward M87 (see
Section 1 for references) provide a case study on this context.
We examined funnel jets, especially for their shape, physical
conditions at the boundary, and their dependence on the black
hole spin, by following McKinney & Narayan (2007a,b) that
provided quantitative agreements of the funnel jet interior be-
tween the GRMHD simulations and (GR)FFE solutions. We
conducted extensive runs up to rout/rg = 100 with vari-
ous black hole spins a = 0.5-0.99. Our results highlight a
formation of quasi-steady funnel jets in the less-collimated
parabolic shape (than the genuine parabolic one: z ∝ R2),
which does not depend on the black hole spin.
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FIG. 20.— Schematic view (arbitrary scale) of our parabolic GRMHD jet
with a moderately high spin (a ≥ 0.7). The system is organized by the highly
magnetized funnel (parabolic jet) and the weakly magnetized coronal/wind
above the RIAF body. Typical values of the ratio of magnetic to rest-mass en-
ergy: b2/ρ, the plasma-β: βp, and the Bernoulli parameter: Be (≈ −ut−1)
are specified. The limb-brightened (i.e., spine-sheath) structure is expressed
as a context of the lateral stratification of the bulk Lorentz factor: Γ (dark
shaded area: Γ > 1 and light shaded area: Γ ' 1, respectively). The fun-
nel edge (b2/ρ ' 1, βp ' 1, Be ≈ 0, ur 6= 0) and the jet stagnation
surface (Be ≈ 0, ur = 0) are shown as the thick solid and dashed lines,
respectively. Emerging blobs are illustrated near the funnel edge.
Schematic view of our parabolic GRMHD jet model is dis-
played for a moderately high spin (a ≥ 0.7) in Figure 20. The
funnel jet area is highly magnetized (PFD: b2/ρ  1, βp 
1), while the outer area is weakly magnetized (b2/ρ  1)
that consists of the RIAF body (βp & 1) and corona/wind
(βp ' 1). The funnel edge is approximately determined by
the outermost BP82-type parabolic (z ∝ r1.6) streamline (the
ordered, large-scale poloidal magnetic field line) of the FFE
solution, which is anchored to the event horizon with an al-
most maximum angle θfp ' pi/2 (a thick solid curve in Fig-
ure 20), with the following equipartition of i) the magnetic
and rest-mass energy densities (b2/ρ ' 1) and ii) the gas and
magnetic pressures in the fluid frame (βp ' 1). The distri-
bution of Be ≈ 0 forms a V-shaped geometry in the PFD
funnel jet; Be ≈ 0 is sustained at the funnel edge along the
outermost BP82-type parabolic streamline, while the jet stag-
nation (inflow/outflow separation) surface (ur = 0: a dashed
curve in Figure 20) inside the funnel, the location of which
depends on the black hole spin (shifting inward with increas-
ing a) (Takahashi et al. 1990; Pu et al. 2015), approximately
coincides with the bound/unbound separation: Be ≶ 0. Note
that ur 6= 0 is confirmed at the funnel edge.
At the funnel exterior (Be < 0), the coronal wind carries
a substantial mass flux (1–3 orders magnitude higher than the
funnel jet: cf. Sadowski et al. 2013; Yuan et al. 2015). The
magneto-centrifugal mechanism (BP82) would be unlikely to
be operated; it is because of the absence of a coherent poloidal
magnetic field outside the PFD funnel jet, where the toroidal
magnetic field is dominant in the SANE state (see also Hi-
rose et al. 2004, for 3D simulations) and the plasma is not
highly magnetized (b2/ρ  1, βp ' 1). Thus, a process
of the relativistic MHD acceleration might not be activated
(see Equation 1) so that Γ = 1 is sustained for all cases with
a = 0.5–0.99 (see also Yuan et al. 2015, with a = 0). Note
that the situation seems to be unchanged even in the MAD
state as is shown in 3D simulations (e.g. Penna et al. 2013,
with a = 0–0.9).
On the other hand, external environments (corona/wind and
RIAF) provide a sufficient pressure support for deforming the
funnel jet into a parabolic shape (see also Globus & Levin-
son 2016); the total (gas + magnetic) pressure (i.e., βp ' 1)
is dominant in the corona/wind region, whereas, the ram pres-
sure of the accreting gas near the black hole (r/rg . 10) is the
primal component rather than the total pressure of the RIAF
body (βp & 1) even in the SANE state. Thus, the latter may
conceptually similar to the MAD scenario (Narayan et al.
2003; Igumenshchev 2008; Tchekhovskoy et al. 2011) al-
though the SANE accretion flow does not possess an arrested
poloidal magnetic flux on the equatorial plane at R > rH.
There is a lateral stratification of Γ in the funnel outflow
as a consequence of the unique distribution of b2/ρ along the
jet stagnation surface (a weak dependence on the colatitude
angle θ at a few . r/rg . 20) and the efficiency of the
magnetic nozzle effect (see Section 1 for references). The
poloidal magnetic flux is differentially bunched towards the
central axis by the hoop stress, causing that the magnetic noz-
zle effect predominantly works at the outer layer in the funnel
(sheath: Γ > 1), while it does not work efficiently at the in-
ner layer of the funnel (spine: Γ ' 1). This is rather general
feature in MHD jets from the rotating black hole (e.g. Komis-
sarov et al. 2007, 2009; Tchekhovskoy et al. 2008, 2009,
2010; Penna et al. 2013). Thus, the spine-sheath structure
can be naturally expected in MHD jets, being responsible for
the limb-brightened feature in AGN jets if the Doppler beam-
ing plays a role (see Figure 20).
An accurate border between the inner jet spine (Γ ' 1)
and outer jet sheath (Γ > 1) is still undefined in our simu-
lations up to rout/rg = 100 (though a conceptual border is
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drawn in Figure 20), but we would tentatively favor to pro-
pose the genuine parabolic inner streamline (BZ77: z ∝ R2).
Our preceding study (Algaba et al. 2017) gives an additional
support; jet radii estimated with VLBI cores for blazars are
wider than those of BZ77-type genuine parabolic streamlines
(a = 0.5–0.998) on z/rg ' 104–107. This is rather surpris-
ing if we consider the classical scenario (e.g. Ghisellini et al.
2005; Clausen-Brown et al. 2013). A departure from Γ = 1
may not be expected at the funnel edge as far as b2/ρ ' 1 is
sustained. Therefore, a peak of Γ would be located at some
inner layer of the jet sheath. Further numerical study with
rout/rg ≥ 103 will be presented in a forthcoming paper.
Based on above results, we apply BP82-type outermost
parabolic streamlines of the FFE solution (a = 0.5–0.99) to
the radius of the jet sheath in M87 derived in multi-frequency
VLBI observations. A quantitative agreement (between the
FFE solution and VLBI observations) is obtained on the scale
of z/rg ' 10–4 × 105. Same examination is applied to an-
other nearby radio galaxy NGC 6251 on the scale of z/rg '
104–106; we also obtain a similar consistency between the
theory and observation (Tseng et al. 2016). Furthermore,
a jet structural transition (from parabolic to conical stream)
seems to be taken place at around the SOI (Asada & Naka-
mura 2012; Tseng et al. 2016), suggesting a characteristic of
AGN jets, at least in nearby radio galaxies, but possibly even
in distant blazars (e.g. Algaba et al. 2017).
We consider limb-brightened features in M87 as a conse-
quence of the bulk acceleration of MHD jets driven by the
spinning black hole. The jet sheath, which is organized by an
expanding layer between the genuine parabolic (BZ77-type:
z ∝ R2) and less-collimated parabolic streamlines (BP82-
type: z ∝ R1.6), may be responsible for the Doppler boosted
emission toward us with a viewing angle θv = 14◦. Our sim-
ulations also exhibit that an emergence of the blob-like knotty
feature in the underlying bulk flow (Figure 20). A blob is
presumably triggered by the m = 0 mode (pressure driven
interchange and/or current-driven sausage/pinch) distortion at
the funnel edge (b2/ρ ' 1, βp ' 1). We propose that it will
evolve as a superluminal knot ; axisymmetric knotty patterns
are frequently identified in mm/cm VLBI observations (e.g.
Niinuma et al. 2014; Hada et al. 2016; Walker et al. 2018).
There is a wider range (more than two orders of magnitude
in units of Γβ) of observed proper motions (βapp . 3) of the
jet sheath in M87 at z/rg ' 103–104 (Kellermann et al.
2004; Kovalev et al. 2007; Hada et al. 2016, 2017; Mertens
et al. 2016). Velocity range fairly matches motions of knotty
structures in our simulations (at z/rg ∼ 100). Therefore, we
may expect a blob could be steepen into a shock; one of the
possible origins of the shock-in-jet phenomena is reproduced.
We expect further detailed examination by utilizing a joint
analysis of the VLBI core variability with the EHT, GMVA,
HSA, VLBA, and KaVA in order to confirm our hypothesis
of the moving shock in the jet. At the same time, as our ex-
amination of the beaming factor suggests, much faster mo-
tions (βapp ≈ 4–8 with θv = 14◦) can be expected in the
jet sheath at z/rg ' 103–104 if the underlying flow follows
the highly magenetized MHD/FFE jet evolution. Therefore,
one of the challenges for exploring the main stream of the jet
sheath would be to conduct a high-cadence VLBI monitoring
less than a week (for a faster motion & 0.3 mas/week).
Our parabolic jet model can be primarily applicable to
LLAGNs and/or BL Lacs, in which the RIAF at sub-
Eddington regime m˙ . 10−2 falls into the central SMBH
(Narayan & McClintock 2008). We, however, suggest that
the internal structure of a magnetically driven funnel jet
(b2/ρ  1 and βp  1) seems to be general. It would also
be expected even in radio loud quasars at a (super-)Eddington
regime (no matter how large/small the radiative efficiency is in
the accretion flow, a geometrically thick disk accretion plays a
role in driving a jet; Tchekhovskoy 2015). Therefore, a faster
jet sheath may be universal if the MHD acceleration and colli-
mation play a fundamental role in AGN jets (see also Algaba
et al. 2017, for some hints of wider jet radii than z ∝ R2 in
blazars). As an immediate task, our model needs to be exam-
ined with other sources exhibiting limb-brightened structures
even with a low viewing angle such as blazars Mrk 421 (Giro-
letti et al. 2006; Piner et al. 2010) and Mrk 501 (Giroletti et
al. 2004, 2008; Piner et al. 2009; Koyama et al. 2016).
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APPENDIX
A. DEPENDENCE OF THE FUNNEL JET SHAPE ON INITIAL
PLASMA-β VALUES (LOWER/HIGHER LIMITS)
This appendix provides the range of validity of parabolic
funnel jets by showing results with different parameters. We
fix the dimensionless Kerr parameter a = 0.9, but changes
βp0,min to 50 or 500; snapshots of physical quantities are
shown in Figure 21. Compared with the case of βp0,min =
100, overall structures are unchanged (the funnel edge follows
the parabolic outermost streamline z ∝ R1.6: BP82) when
we start with βp0,min = 50. A highly magnetized funnel is
formed and b2/ρ ' 1 is sustained at the funnel edge. The ex-
ternal corona/wind region is qualitatively identical. Note that
simulations with βp0,min < 50 sometimes induce numerical
errors around the polar axis due to the extremely high magne-
tization b2/ρ 1.
On the other hand, the magnetization in the funnel is
weaken if we start with βp0,min = 500 and b2/ρ ' 0.3 is
obtained at the funnel edge. The magnitude of the outgoing
radial radial mass flux in the funnel region is almost similar
with the case of βp0,min = 50/100, while that in the outer
coronal wind area is different; about one order of magnitude
smaller in βp0,min = 500 than the case of βp0,min = 50/100.
It is notable that a departure of the funnel edge from z ∝ R1.6
is seen at r/rg > 40, following a conical expansion (see the
distributions of Be ≈ 0 and βp = 1 in bottom panels of
Figure 21). The distribution of the Lorentz factor exhibits no
feature of the inhomogeneous distribution of Γ (blobs) at the
outer layer in the funnel for βp0,min = 500.
Thus, Figure 21 exhibits an example how the parabolic fun-
nel jet deforms into a conical shape (βp0,min = 500). Figure
22 provides further qualitative analysis on this issue. The to-
tal pressure balance between the funnel region (βp  1) and
the external corona/wind region (βp ' 1) is sustained in the
case of the parabolic funnel (βp0,min = 50; upper panel). On
the other hand, magnetically dominated (total) pressure in the
non-parabolic funnel (βp0,min = 500; lower panel) is over-
pressured (a factor of few) against the external coronal/wind
region where βp ' 1 is not hold (the gas pressure dominated).
The prescription of a higher value of βp & 500 may not be
enough to provide a sufficient total pressure, presumably due
to a lack of the magnetic pressure. In summary, we suggest
that a moderately magnetized wind/corona (βp ' 1) may play
a dynamical role in maintaining the funnel jet into a parabolic
shape.
B. TIME EVOLUTION OF THE SANE
Figure 23 provides the time evolution of the mass accretion
rate M˙ , the poloidal magnetic flux Φ threading the black hole
horizon, and φ, the dimensionless ratio of Φ to M˙c2 for our
four systems examined in Section 3.2. Following Narayan et
al. (2012), M˙ is defined as
M˙ = 2pi
∫ pi
0
ρur
√−gdθ. (B1)
Φ is defined as
Φ =
1
2
(
2pi
∫ pi
0
|Br|√−gdθ
)
. (B2)
In addition, the normalized poloidal magnetic flux φ is con-
sidered as follows;
φ =
Φ√
M˙
, (B3)
which characterizes the degree of the magnetization of the in-
ner accretion flow (e.g. Tchekhovskoy 2015). We evaluate
the above quantities at the horizon rH.
There is almost no variation of Φ after t/tg ' 4000 for
all cases. We confirm the values of Φ threading the black
hole horizon are quantitatively consistent in between our 2D
and 3D runs (Mos´cibrodzka et al. 2016b) with various BH
spins. On the other hand, M˙ increases in our moderate spin
cases (a = 0.5 and 0.7) at t/tg & 4000, while it remains
sustained at lower values with time variations in our high spin
cases (a = 0.9 and 0.99). We note that qualitatively similar
tendency (M˙ increases at t/tg & 3000–4000) is confirmed in
3D runs for wider spin cases (a = 0.1–0.98; Mos´cibrodzka et
al. 2016b). As a consequence, φ never reaches a level of the
MAD state in our 2D runs (φ & 10 is confirmed in a = 0.9 at
t/tg & 4000).
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FIG. 21.— Final (t/tg = 12000) snapshots of two different initial conditions (the black hope spin a = 0.9 is fixed); βp0,min = 50 (top) and βp0,min = 500
(bottom). A color-filled contour of the magnetic energy per unit particle b2/ρ (left), the magnitude of the outgoing radial mass flux density (middle), and the
Lorentz factor Γ (right). Readers can refer to Figures 8, 11, and 12 (a = 0.9) for comparison.
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FIG. 22.— A θ cross-section at r/rg = 100 showing the gas pressure (red
solid line), the magnetic pressure (blue solid line), and their sum (the total
pressure: black dotted line) for two different initial conditions (a = 0.9 is
fixed) at the final stage (t/tg = 12000); βp0,min = 50 (left) and βp0,min =
500 (right). Readers can refer to the top panel of Figure 10 (a = 0.9) for
comparison.
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FIG. 23.— Variations of M˙ (top), Φ (middle), and φ (bottom) as a function
of time with varying black hole spin, corresponding to four different cases in
Section 3.2. φ ≈ 40–60 (MAD state) is indicated as gray shaded area in the
bottom panel.
